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Introduction

In high school, I was a percussionist. And, as a percussionist, I was stood at the back of
the orchestra, very rarely having to tune my instruments. When I did, it was often just to
adjust the timbre of my snare drum with a drum key. Now, compare that with my peers
at the front of the orchestra playing violin. Every day, the violinists would make everyone’s
ears bleed with their tuning before finding their A440.

I remember not even thinking about tuning when I started. When I told my band director
that the marimba was out of tune, I learned that we didn’t tune it because the wooden
bars would literally have to be shaven with some kind of power tool. More embarrassingly,
I only realized that timpani heads needed to be tuned when I literally saw my band teacher
tightening the lug nuts that secured the drum head and asked what she was doing.

Now, my band teacher loved having us students take responsibility for things. Us percus-
sionists were usually tasked with keeping our equipment in shape, and this included tuning
our concert snare and replacing its drum heads. So why didn’t she tell me, or any one of the
other percussionists, to tune the timpani?

Initial thought: maybe the drums didn’t have to be tuned all that often, and so she just
decided to take care of it herself. A quick Google search disproved this: a self-proclaimed
percussion teacher on Reddit claimed that they adjusted the tuning of their timpanis daily.

So there’s some deeper reason at play. As any reasonable person would do, I next turned
to mathematics to see if I could find this deeper reason. Surprisingly, this proved productive:
I found a mathematical reason for why timpanis were harder to tune accurately than violins.
For the rest of this essay, I’ll take you down the same rabbit hole I went down to find the
answer.

First, we’ll visit the dynamics of violins and timpanis, and derive the wave equation whose
solutions dictate the movement of the strings and heads of the respective instruments when
they are played. Next, we’ll develop an ‘infinite-dimensional theory of linear algebra’ to give
us a basis on which we can analyze the solutions of the wave equation. Using our newfound
theory, we’ll compare the pitches produced by bowing a violin to those produced by hitting
a timpani and see how they differ.

Prerequisites. Some familiarity with the definitions of linear algebra and real analysis is
necessary to read this essay. The essay builds up any techniques for deriving and solving
partial differential equations from first principles, and technical details from the theories of
measure and distribution are not discussed in much depth.

Date: October 10, 2025.
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Figure 1. Free-body diagram of an oscillating string (image credit [Mor])

1. The Dynamics of Music

We can start by thinking about the dynamics of idealised violins and timpani1. In both
cases, these instruments produce sound via the waves produced by a certain medium (a
string or drum head, respectively) when it is struck. Hence, we will derive a ‘wave equation’
that constrains the motion of the waves each respective instrument produces.

Wave Equation, One Dimension

First, we analyze the case of the violin, where the waves produced by its string are one-
dimensional. Let u(x, t) be the function denoting the height of the string at location x and
time t. By looking closely at this system, we want to find a set of equations specifying the
physical constraints that any wave must satisfy.

Let’s make clear our assumptions. Let our violin string be of length L with mass density
ρ. We know that the ends of the string are fixed, so we say that u(0, t) = u(L, t) = 0 (the
Dirichlet boundary condition). We assume throughout the string, the tension T ≫ Fg, where
Fg is the gravitational force on the string. We will lastly impose no additional constraints
on how the string is struck, so that our initial conditions are that the string initially starts
with some heights u(x, 0) = u0(x) and is struck with velocity ut(x, 0) = v0(x).
Now, we know that we are looking for a function u : [0, L] × [0,∞) → R determining

the height of our string. Suppose we had such a function. Picking (x, t) in its domain, we
can draw a local free-body diagram of the string near x at time t. This diagram will look
something like Figure 1.

Let’s consider the net forces acting upon this small segment of the string at time t. First,
let’s look at the forces in the horizontal direction. We can assume that there is no horizontal
displacement of this segment of the string, so that the net force here is T2 cos θ2−T1 cos θ1 = 0.
If the angle θ is small on both ends of the string segment, in fact we’d have that each of the
cosine terms in this net force equation is roughly 1. Hence as the Taylor series for cosine
around 0 has error that varies with the square of the angle, we can make the approximation
that T2 ≈ T1 (as θ2 is negligible with respect to θ). We’ll call this shared value T , and
henceforth take this to be the constant uniform tension at each point on the string.

Now, in the vertical direction, we’d have a net force of F = T (sin(θ2) − sin(θ1)). Now,
note that the angle θ at a given point is just the value of the slope ux at that point. Since

1In particular, we do not consider sources of energy loss such as air resistance.
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we assumed that θ is small, we get that in fact:

F ≈ T (θ2 − θ1) = T
(
ux(x+ dx)− ux(x)

)
ρ dx utt = T dx

ux(x+ dx)− ux(x)

dx
.

The second equation on the previous page is due to Newton’s second law, F = ma, where
in this case m = ρ dx is the mass and a = utt is the acceleration. Now, the rightmost term
on the right hand side of this equation approaches uxx as dx → 0 (this can be formalized
via the mean value theorem, as ux is continuously differentiable by assumption) and so after
some simplification we get that in the limit

utt =
T

ρ
uxx.

We call this final equation the one-dimensional wave equation, the equation governing the
motion of a one-dimensional wave on a string.

Wave Equation, Two Dimensions

The derivation for the wave equation in the case of a timpani membrane is remarkably
similar to the case of the violin string.

Say our timpani has a circular membrane with radius R. We assume that the boundary
of the membrane is tightly attached to the body of the drum, giving us Dirichlet boundary
conditions u = 0. We further assume that the membrane has a constant uniform surface
tension S ≫ Fg

2. We denote the membrane’s mass density ρ and initial position u(x, y, 0) =
u0(x, y). and we suppose that it is struck with velocity given by ut(x, y, 0) = v0(x, y). The
main difference this time is that our function has a two-dimensional spatial domain, i.e. we
want u : B(0, R)× [0,∞) where B(0, R) ⊂ R2.

Let’s consider now a small spatial patch near a fixed (x, y), i.e. [x, x+∆x]× [y, y+∆y] for
small ∆ > 0. In particular, we can look at cross-sections of this patch along the y direction.
Now, the force exerted on the ends of the edge of this patch has value S∆y because the

whole patch along the y direction is pulling on this end. As the length of the patch along
this direction is ∆y, and the unit surface tension is S, we get that the forces are in fact S∆y.
Knowing this, we can now draw a cross-sectional free-body diagram as in the 1-D case (see
Figure 2).

We can once again use analogous reasoning to the one-dimensional case to get that the
force acting on this patch along the y direction is S∆x∆y uxx. By a similar analysis, we
find that along the x direction the force on the patch is S∆x∆y uyy. Thus the net vertical
force on the patch is the sum of these, and since the mass of the patch is ρ∆x∆y and its
acceleration is utt we get that

ρ∆x∆y utt = S∆x∆y uxx + S∆x∆y uyy.

We simplify to get the two-dimensional wave equation

utt =
S

ρ
(uxx + uyy).

2This assumption follows from similar reasoning to the 1-D case above.
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Figure 2. Cross-sectional free-body diagram of an oscillating membrane
(image credit [Mor])

Solving the Wave Equation, One Dimension

Let us first disregard the initial conditions and look for solutions that satisfy the boundary
conditions. Our solutions to the relaxed problem will later help us find the particular solution
to our original problem with given initial conditions.

First, in one-dimension (this solution is adapted from [Oli]). We will set c =
√

T
ρ
to

simplify notation. We want to find u : [0, L] × [0,∞) → R such that utt = c2 uxx and
u(0, t) = u(L, t) = 0, and we’ll soon see why c is called the wave speed. We can conjecture
that u is a product of a function in x with a function in t, i.e. u(x, t) = F (x)G(t). This
conjecture and the associated solution strategy are both called separation of variables, and
solutions found via separation of variables are called separable solutions.

Having separated variables, we via our wave equation see that F (x)G′′(t) = c2F ′′(x)G(t)
and so

F ′′(x)

F (x)
=

G′′(t)

c2G(t)
.

But now, the left-hand side of the equation is dependent only on x while the right-hand

side is only dependent on t. As the variables x and t are independent, it follows that F ′′(x)
F (x)

and G′′(t)
c2G(t)

must both be equal to a constant, say −λ2 ∈ R 3.

Rearranging, we see that we’ve got a second-order ODE for F (x), i.e. F must satisfy
F ′′(x)+λ2F (x) = 0. As we know that u(0, t) = u(L, t) = 0, we have two possibilities. Either
G(t) = 0 and our solution is trivially u ≡ 0, or we have boundary conditions F (0) = F (L) =
0. We examine the latter.

We know that our ODE has solution of form F (x) = A sin(λx) + B cos(λx), and the
boundary conditions imply that B = 0 and A sin(λL) = 0. Assuming nontriviality, A ̸= 0
so that A sin(λL) = 0 forces λ = nπ

L
for some positive integer n. So, we’re left with F (x) =

A sin(nπx
L
).

We can similarly solve for G(t) which must satisfy G′′(t) + c2λ2G(t) = 0 to get that
G(t) = C sin(nπct

L
) + D cos(nπct

L
). We would get ‘boundary conditions’ for this ODE if we

imposed initial conditions on the wave equation, which would allow us to solve for specific
values of C and D. However, the boundary conditions in this case would depend on x, so

3This odd choice of variable will make our lives easier down the road.
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that we wouldn’t be able to solve for them in the ODE setup. We’ll discuss a fix to this
problem later in this essay.

For now, we’ll just leave these coefficients and say that we have found a set of solutions

un(x, t) = sin
(nπx

L

)(
an sin

(
nπct

L

)
+ bn cos

(
nπct

L

))
for nonnegative integer n, an = AC, and bn = AD as above. Notice how the value of c scales
the period of the wave. This is why we call c the wave speed.

Solving the Wave Equation, Two Dimensions

Now, we turn our attention to the case of two dimensions. The solution strategy is similar
here, once again conjecturing that the solution to the wave equation is a product of one-
variable functions, i.e., separation of variables.

We first separate t from the spatial variables, i.e. we set u(x, y, t) = w(x, y)G(t). For
notational convenience, we define the Laplacian operator ∇2 = ∂xx + ∂yy. Now, substituting
into the wave equation yields

w(x, y)G′′(t) = c2∇2w(x, y)G(t),

where c = S
ρ
is analogous to before. By rearranging so the t terms are all on the left, we once

again get that G′′

c2G
is constant, say −λ2. We thus get that G(t) = C cos(cλt) +D sin(cλt) as

before, for some constants C and D.
Plugging this back in to the original wave equation, we are left with the spatial Helmholtz

problem where
∇2w + λ2w = 0.

We will once again solve this via separation of variables, but first we’ll want to make
the boundary conditions more elegant. Specifically, if we first change to polar coordinates,
the boundary condition simply becomes w(R, θ) = 0, and we even get a bonus condition of
2π-periodicity in θ.

Without further ado, let us convert our two-dimensional wave equation to polar coordi-
nates, i.e. let’s change variables (x, y) = (r cos θ, r sin θ). Omitting a significant amount of
algebra, the Helmholtz equation becomes

wrr +
1

r
wr +

1

r2
wθθ + λ2w = 0.

It’s now time to separate variables! We set w(r, θ) = F (r)G(θ). This yields

F ′′(r)G(θ) +
1

r
F ′(r)G(θ) +

1

r2
F (r)G′′(θ) + λ2F (r)G(θ) = 0.

Multiplying both sides by r2

FG
yields

r2
F ′′(r)

F (r)
+ r

F ′(r)

F (r)
+

G′′(θ)

G(θ)
+ λ2r2 = 0.

We can move the angular part of this differential equation to the right, and therefore
get that G′′

G
is constant (say n2). Therefore, we get that G(θ) = A cos(nθ) + B sin(nθ). To

maintain the 2π-periodicity of G(θ), we will also need that n ∈ Z.
Plugging G back in and multiplying both sides by F , we get that

r2F ′′(r) + rF ′(r) +
(
λ2r2 − n2

)
F (r) = 0.
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Figure 3. (a) Bessel functions of the first kind Jn. (b) Bessel functions of
the second kind Yn (image credit [Hew])

We perform one last substitution z = λr and since Fr = λFz and Frr = λ2Fzz we get that
F (z) must satisfy the Bessel equation

z2F ′′(z) + zF ′(z) +
(
z2 − n2

)
F (z) = 0.

The solutions to the Bessel equation are called Bessel functions. For a given value of n in
the equation above, these functions are denoted Jn (Bessel functions of the first kind) and
Yn (Bessel functions of the second kind). More information about these functions, including
their exact formulas, can be found in [Hew]. For now, we simply plot the graphs of the first
few of these functions in Figure 3.

Thus we get that F (r) = CJn(λr) + DYn(λr). As Yn has a singularity at r = 0, but Jn
and our function u do not, we must have D = 0. Furthermore, since F (R) = 0, we must

have that λR is a zero of the Bessel function Jn, say jn,m. Then λ = jn,m

R
and so we have

found solutions u(r, θ, t) to the two-dimensional wave equation via separation of variables.
Specifically, we’ve found u to be as follows:

u(r, θ, t) =

[
a(c)n,m cos

(
cjn,m t

R

)
+ b(c)n,m sin

(
cjn,m t

R

)]
Jn

(
jn,m r

R

)
cos(nθ)

+

[
a(s)n,m cos

(
cjn,m t

R

)
+ b(s)n,m sin

(
cjn,m t

R

)]
Jn

(
jn,m r

R

)
sin(nθ).

How Do We Solve the Equation with Initial Conditions?

Having solved relaxed versions of the wave equations that constrain how our instruments
should move when producing sound, we might ask how these relaxed solutions can help us
solve the wave equation given the initial conditions. Before we move any further, let’s unify
notation and write the wave equation as utt = c2∇2u regardless of dimension. In particular,
we’ll define the Laplacian operator ∇2 = ∂xx in the one-dimensional case. Additionally, in
both cases, let Ω be the relevant domain for our function u.
Now, here comes the fun part. We can notice that in fact, the set of the solutions to each

of these PDEs form a vector space! Why so? Well, C2(Ω), the set of twice continuously
differentiable functions on Ω, is a vector space. The set of possible solutions S is a subset of
C2(Ω). So we just need to perform a quick subspace test to verify that the functions solving
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the wave equation form a vector subspace. Evidently, u ≡ 0 ∈ S by the homogeneity of the
wave equation. Furthermore, given two solutions u1, u2 ∈ S, au1 + bu2 ∈ S for any a, b ∈ R
by its linearity. Hence the set of solutions to the wave equation is indeed a vector space.

What’s even nicer is that, with suitable coefficients, the functions we’ve found above are
orthonormal under the inner product

⟨f, g⟩ =
∫
Ω

fg,

which the reader may want to verify.
We might hope to find some clever way to prove that these orthonormal functions are not

just a linearly independent set, but a basis. Establishing this fact would prove that we have
found a basis for this solution space.

Given that these functions are also eigenfunctions of the Laplacian operator ∇2, maybe
we could apply the spectral theorem? If we could find some clever way to apply the spectral
theorem, then we’d then be able to infer that the eigenvalues of these functions are all the
eigenvalues of ∇2 on the domain Ω. These eigenvalues would correspond to resonant fre-
quencies produced by the instrument, in a very precise manner4. We can then express any
physically possible vibration of each instrument as being a superposition of the eigenfunc-
tions. In fact, we’d be able to go a bit further, and say that given some initial conditions,
there is a unique superposition of eigenfunctions of the wave equation determining the vi-
bration of the instrument.

Unfortunately, the fact that all the solutions we found above are linearly independent
functions means that our vector space of solutions is infinite-dimensional. So, as much as
the above situation seems like an obvious application of the spectral theorem to this vector
space, our finite-dimensional linear algebra is not a strong enough theory for us to pursue our
intuition in this infinite-dimensional setting. Hence, we must turn to an infinite-dimensional
version of linear algebra, better known as functional analysis.

In the next chapter, we will develop this theory of functional analysis, which will ultimately
enable us to finish our mathematical description of violins and timpanis.

2. Linear Algebra in Infinite Dimensions

Before we actually jump into functional analysis, let’s take a moment to discuss why our
finite-dimensional linear algebra is insufficient here.

In finite dimensions, our first instinct when proving statements is often to use arguments
that involve induction on the basis elements. Unfortunately, in infinite dimensions, we cannot
exhaustively go through the now infinitely large basis. Worse still, it can be shown that the
classical definition of a basis, wherein each element of a vector space must be a finite linear
combination of scaled basis elements, means that every basis of an infinite-dimensional space
must be uncountably large (see [Car05]). Thus there’s no hope of induction at all!

To rectify this problem, we’ll introduce a relaxed definition of a basis, allowing for infinite
sums of basis elements. But this introduces even more challenges! In finite dimensions, we
also take for granted being able to represent elements of our vector space via coordinate
representations. But now, these coordinate representations will have infinitely many coordi-
nates, which naturally leads to questions about convergence of the underlying series of basis
elements. Taking hints from analysis, we will also rectify this problem.

4Specifically, the frequencies will turn out to be the square roots of these eigenvalues.
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Then, we’ll work our way towards the spectral theorem, which will work just as in finite
dimensions to allow us to decompose the solution space S into the direct sum of eigenspaces,
and just as in finite dimensions give us an orthonormal basis that we can express solutions of
the wave equation under. We’ll conclude by showing that the orthonormal bases correspond
to the solutions we found in the previous section.

Schauder Bases

Let’s start by recalling some definitions from finite dimensions, and see how we can amend
them to fit our infinite-dimensional setting.

First, let’s rectify our problem with bases. Recall the definition of a basis from finite
dimensions:

Definition 2.1. Let V be a vector space over the field F and suppose B ⊆ V . We say that
B is a Hamel basis of V if every element v ∈ V can be expressed as

v =
∑
i∈I

aiei

for some finite indexing set I, ai ∈ F, and ei ∈ B.
The reason that we are calling bases by our original definition ‘Hamel bases’ is in order to

differentiate them from our new notion of a Schauder basis.

Definition 2.2. Let V be a vector space over the field F and suppose B ⊆ V is a countable
set, and let I be a set indexing the elements ei of B. We say that B is a Schauder basis if
every element v ∈ V can be expressed as

v =
∑
i∈I

aiei

for some ai ∈ F.
Note that our main change is that we can now express vectors as countable linear com-

binations of elements of the Schauder basis. We restrict to countable linear combinations
so that the sum is well-defined without going into the uncountable realm and dealing with
measure theory.

The other change is that we also don’t allow the whole basis to be uncountable. As you
might conjecture, this means that not every vector space even has a Schauder basis5. This
is another key difference from Hamel bases, because every vector space has a Hamel basis.

Now having updated our definition of a basis, we will find a more restricted definition of
vector spaces that gives us nice convergence properties.

Hilbert Spaces

The sharp-eyed reader will notice that for convergence of infinite series to make any sense,
we must have some additional topological structure on a vector space. We fix this issue by
exclusively working on inner product spaces for the remainder of this essay. We’ll denote
the inner product ⟨·, ·⟩ and the norm induced by the inner product ∥ · ∥ =

√
⟨·, ·⟩.

We now turn our attention to the issue of convergence. What matters to us is conver-
gence of sequences in terms of the norm induced by the inner product. To enforce that the

5See [Kre91] for more details, including why Hilbert spaces are the only inner product spaces with Schauder
bases.
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convergence behaves as we would intuitively expect, we can ask that our space is complete
in the induced norm, which in fact is our next definition:

Definition 2.3. A Hilbert space is an inner product space that is complete in the norm
induced by the inner product.

Hilbert spaces inherit some very nice geometrical properties from inner product spaces,
and we’ll now turn our attention to a few that will be useful in later proofs.

Lemma 2.4 (Cauchy-Schwarz and triangle inequalities). The Cauchy-Schwarz inequality
states that in an inner product space, the norm induced by the inner product satisfies

|⟨x, y⟩| ≤ ∥x∥∥y∥,

where equality holds exactly when {x, y} is a linearly dependent set.
The inner product norm also satisfies

∥x+ y∥ ≤ ∥x∥+ ∥y∥,

where equality holds when there is some nonnegative real c such that x = cy or y = cx.

Proof. We begin with the Cauchy-Schwarz inequality, and use it to prove the triangle in-
equality. Notice that the Schwarz inequality holds trivially for y = 0, since ⟨x, 0⟩ = 0. Thus
we take y ̸= 0. For every scalar α we have

0 ≤ ∥x− αy∥2 = ⟨x− αy, x− αy⟩
= ⟨x, x⟩ − α⟨x, y⟩ − α(⟨y, x⟩ − α⟨y, y⟩).

Taking α = ⟨y, x⟩/⟨y, y⟩, we simplify our inequality to

0 ≤ ⟨x, x⟩ − ⟨y, x⟩
⟨y, y⟩

⟨x, y⟩ − α(⟨y, x⟩ − ⟨y, x⟩
⟨y, y⟩

⟨y, y⟩)

= ⟨x, x⟩ − ⟨y, x⟩
⟨y, y⟩

⟨x, y⟩ − α(⟨y, x⟩ − ⟨y, x⟩)

= ⟨x, x⟩ − ⟨y, x⟩
⟨y, y⟩

⟩ = ∥x∥2 − ⟨y, x⟩ ⟨x, y⟩
∥y∥2

= ∥x∥2 − |⟨x, y⟩|2

∥y∥2
.

Rearranging, we get that |⟨x, y⟩|2 ≤ ∥x∥2∥y∥2, and taking square roots on both sides gives
us the Cauchy-Schwarz inequality.

Now, the equality cases require either y = 0 or ∥x − αy∥2 = 0, in which case x = αy. In
either case, {x, y} is linearly dependent.

Now, let’s move on to the triangle inequality. By the Cauchy-Schwarz inequality,

|⟨x, y⟩| = |⟨y, x⟩| ≤ ∥x∥∥y∥.
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Thus we have that

∥x+ y∥2 = ⟨x+ y, x+ y⟩
= ∥x∥2 + ⟨x, y⟩+ ⟨y, x⟩+ ∥y∥2

≤ ∥x∥2 + 2|⟨x, y⟩|+ ∥y∥2

≤ ∥x∥2 + 2∥x∥∥y∥+ ∥y∥2

= (∥x∥+ ∥y∥)2.
Taking square roots on both sides, we get the triangle inequality.

We have equality here exactly when

⟨x, y⟩+ ⟨y, x⟩ = 2∥x∥∥y∥.
Note that the left-hand side of this equation is 2ℜ ⟨x, y⟩, where ℜ denotes the real part. By
the Schwarz inequality, we must then have

ℜ ⟨x, y⟩ = ∥x∥∥y∥ ≥ |⟨x, y⟩|.
Since the real part of any complex number cannot exceed its absolute value, we must have
that both sides of the above Cauchy-Schwarz inequality are equal, whereby x, y are linearly
dependent; furthermore, the imaginary part of ⟨x, y⟩ must be zero, so ⟨x, y⟩ is a positive real
number.

Without loss of generality, say we have x = cy for nonzero y (the only case this does
not cover is y = 0, which follows by switching the variables). We will show that c is a real
nonnegative number. Since we have that

0 ≤ ℜ⟨x, y⟩ = ℜ ⟨y, y⟩ = |⟨cy, y⟩| = c∥y∥2,
we can divide both sides by ∥y∥2 to get that c ≥ 0. ■

Another quick insight into the geometry of inner product spaces is the parallelogram
equality:

Lemma 2.5 (parallelogram equality). In an inner product space, we have that

∥x+ y∥2 + ∥x− y∥2 = 2(∥x∥2 + ∥y∥2).
Proof. We have that

∥x+ y∥2 + ∥x− y∥2 = ⟨x+ y, x+ y⟩+ ⟨x− y, x− y⟩
= ⟨x, x⟩+ ⟨x, y⟩+ ⟨y, x⟩+ ⟨y, y⟩+ ⟨x, x⟩ − ⟨x, y⟩ − ⟨y, x⟩+ ⟨y, y⟩
= 2∥x∥2 + 2∥y∥2 = 2(∥x∥2 + ∥y∥2).

■

The previous few properties of Hilbert spaces are inherited from general inner product
spaces. We now look at the Bessel inequality, which is exclusive to Hilbert spaces. This is
useful as an auxilliary tool to prove that infinite linear combinations with coefficients given
by inner products converge.

Theorem 2.6 (Bessel inequality). Let (ej) be an orthonormal sequence in a Hilbert space
H. Then for every x ∈ H,

∞∑
j=1

|⟨x, ej⟩|2 ≤ ∥x∥2.
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Proof. The proof of the Bessel inequality requires a lot of algebra, so we prove it here
with some algebra omitted since it is a frequently used inequality. This proof is adapted
from [Con19].

We will start by showing that a few equations hold for finite orthonormal sets {e1, . . . , en}
using inner product axioms and identities defined earlier. Then, we’ll derive the Bessel
inequality for finite sets. Lastly, we’ll use a limiting process to show that the Bessel inequality
holds for the infinite case of an orthonormal sequence. The first such equality is that〈

x,
n∑

j=1

⟨x, ej⟩ ej

〉
=

n∑
j=1

⟨x, ⟨x, ej⟩ej⟩ =
n∑

j=1

|⟨x, ej⟩|2,

which the reader can verify. Thus, skipping through the algebra, we have that∥∥∥∥∥x−
n∑

k=1

⟨x, ek⟩ ek

∥∥∥∥∥
2

=

〈
x−

n∑
k=1

⟨x, ek⟩ ek, x−
n∑

j=1

⟨x, ej⟩ ej

〉

= ∥x∥2 −

〈
x,

n∑
j=1

⟨x, ej⟩ ej

〉
−

〈
x,

n∑
j=1

⟨x, ej⟩ ej

〉
+

∥∥∥∥∥
n∑

k=1

⟨x, ek⟩ ek

∥∥∥∥∥
2

= ∥x∥2 − 2
n∑

j=1

|⟨x, ej⟩|2 +
n∑

k=1

|⟨x, ek⟩|2

= ∥x∥2 −
n∑

k=1

|⟨x, ek⟩|2.

Now, given that we are looking at a norm in this second equation, we have that

0 ≤

∥∥∥∥∥x−
n∑

k=1

⟨x, ek⟩ ek

∥∥∥∥∥
2

= ∥x∥2 −
n∑

k=1

|⟨x, ek⟩|2,

so consequently we have the Bessel inequality for finite sets:
n∑

k=1

|⟨x, ek⟩|2 ≤ ∥x∥2.

Since for each k, we have that
|⟨x, ek⟩|2 ≥ 0,

we have that the sequence (yn), where

yn =
n∑

k=1

|⟨x, ek⟩|2,

is bounded and increasing. Thus from the monotone convergence theorem, we have that (yn)
converges, say to some y ∈ R. Since yn ≤ ∥x∥2 for each n, we have that ∥x∥2 ≥ lim yn = y.
In other words,

∥x∥2 ≥
∞∑
k=1

|⟨x, ek⟩|2.

■
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The completeness of Hilbert spaces also allows us to reason about concepts that require
preciseness, like orthogonality. Although we can define orthogonality for any inner product
space, the completeness of a Hilbert space is required for such constructions as the orthogonal
complement to be sensible.

Orthogonal Complement

We now build up a definition of the orthogonal complement, which will be key in proving
the spectral theorem later in the essay. We’ll apply the results from the previous section to
Hilbert spaces to do so.

First, we prove that if a set is a convex subset of an inner product space, then for any
point in the inner product space there is a unique ‘closest’ vector to that point in the subset.
This result holds for any convex subset of the space, which need not be a vector subspace.

Theorem 2.7. Let H be a Hilbert space and M a nonempty closed convex subset of H. Then
for every given x ∈ H there exists a unique y ∈ M whose distance from x is minimized to a
value δ ∈ R. In other words,

δ = inf
ỹ∈M

∥x− ỹ∥ = ∥x− y∥.

Proof. We start with the existence. Note that we can pick an arbitrary point ỹ ∈ M and
see that ∥x− ỹ∥ ≤ inf ỹ∈M ∥x− ỹ∥ < ∞. By the definition of an infimum there is a sequence
(yn) in M such that we have the decreasing sequence

(δn) −→ δ, δn = ∥x− yn∥.

We show that (yn) is Cauchy. Writing yn − x = vn, we get ∥vn∥ = δn and

∥vn + vm∥ = ∥yn + ym − 2x∥ = 2∥1
2
(yn + ym)− x∥ ≥ 2δ.

Because M is convex, we have that 1
2
(yn + ym) ∈ M . Furthermore, we have yn − ym =

vn − vm. By the parallelogram equality,

∥yn − ym∥2 = ∥vn − vm∥2 = −∥vn + vm∥2 + 2(∥vn∥2 + ∥vm∥2)
≤ −(2δ)2 + 2(δ2n + δ2m) −→ 0,

so (yn) is Cauchy. Since M is closed in X, we have a y ∈ M such that (yn) −→ y. Since
y ∈ M , ∥x− y∥ ≥ δ. Furthermore, ∥x− y∥ = δ since

∥x− y∥ ≤ ∥x− yn∥+ ∥yn − y∥ = δn + ∥yn − y∥ −→ δ.

Next, we show uniqueness. Suppose that y ∈ M and y0 ∈ M both satisfy

∥x− y∥ = δ, ∥x− y0∥ = δ.

By the parallelogram equality,

∥y − y0∥2 = ∥(y − x)− (y0 − x)∥2

= 2∥y − x∥2 + 2∥y0 − x∥2 − ∥(y − x) + (y0 − x)∥2

= 4δ2 − 4∥1
2
(y + y0)− x∥2.

Notice that 1
2
(y + y0) ∈ M , so

∥1
2
(y + y0)− x∥ ≥ δ.
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Thus we have that

0 ≤ ∥y − y0∥2 = 4δ2 − 4∥1
2
(y + y0)− x∥2

≤ 4δ2 − 4δ2 = 0,

so ∥y − y0∥ = 0 and clearly y = y0. ■

We’ve now proven the existence of closest vectors to convex subsets of inner product
spaces. Since vector spaces are convex, we first show that the line from a point x to its
closest point y on a vector space is orthogonal to this vector space. This result gives us a
version of orthogonal projection from finite dimensions, where much of our theory was built
up using the now-obsolete coordinate-wise representations of vectors.

Lemma 2.8. Let H be a Hilbert space containing the point x. For any closed subspace Y of
H, if y ∈ Y is the closest point to x then z = x− y is orthogonal to Y .

Proof. If we did not have that z ⊥ Y , then there would be y1 ∈ Y such that

⟨z, y1⟩ = β ̸= 0.

Evidently, y1 ̸= 0. For any scalar α,

∥z − αy1∥2 = ⟨z − αy1, z − αy1⟩
= ⟨z, z⟩ − α⟨z, y1⟩ − α(⟨y1, z⟩ − α⟨y1, y1⟩)
= ⟨z, z⟩ − αβ − α(β − α⟨y1, y1⟩).

Note that ∥z∥ = ∥x− y∥ = δ is the distance from x to Y , so taking

α =
β

⟨y1, y1⟩
yields

∥z − αy1∥2 = ⟨z, z⟩ − ββ

⟨y1, y1⟩
− α

(
β − β

⟨y1, y1⟩
⟨y1, y1⟩

)
= ⟨z, z⟩ − |β|2

⟨y1, y1⟩
< δ2,

which is a contradiction since Y is convex and therefore

δ = inf
ỹ∈Y

∥x− ỹ∥ < ∥z − αy1∥ = ∥x− (y + αy1)∥.

Thus we must have that z ⊥ Y , so the lemma has been proven. ■

Now, recall the definition of the orthogonal complement.

Definition 2.9. Let X be an inner product space. The orthogonal complement of a vector
subspace Y of X is the set

Y ⊥ = {z : ⟨z, y⟩ = 0∀y ∈ Y } ⊆ X.

In finite dimensions, we call this set the orthogonal complement because the inner product
space X can be represented as the direct sum Y ⊕ Y ⊥. We are now ready to show this in
the case where Y is a closed subspace of a Hilbert space.
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Theorem 2.10. Let Y be any closed subspace of a Hilbert space H. Then

H = Y ⊕ Y ⊥.

Proof. Since H is complete and Y is closed, Y must be complete. Since Y is convex, by
Theorem 2.7 and Lemma 2.8 we have that for every x ∈ H there exists y ∈ Y such that for
some z ∈ Y ⊥,

x = y + z.

To prove uniqueness, suppose that x = y + z = y1 + z1, where y1 ∈ Y , z1 ∈ Y ⊥. Then
y−y1 = z−z1, but since y−y1 ∈ Y while z−z1 ∈ Y ⊥ we must have that y−y1 ∈ Y ∩Y ⊥ = {0}.
Thus y = y1, and by the same logic z = z1. ■

This theorem allows us to more easily find a basis of our space. We start by finding a
basis of a specific subspace and then finding a basis of its orthogonal complement, and then
combine these two to get a full basis. This is the power that completeness has given us.

Separability

Let’s return our attention to the existence of a Schauder basis. We’ll make another defi-
nition here that will allow us to prove the existence of such bases.

Definition 2.11. A metric space M is said to be separable if it has a countable subset M̃
which is dense in M , i.e. the closure of M̃ is M .

Separability is nice because it allows us to approximate any member of our set with
members of a countable subset. In particular, it can be shown that the separable Hilbert
spaces are precisely those for which Schauder bases make sense.

Rather than discuss that point further, we’ll jump straight ahead to orthonormal bases.
Recall that a basis is orthonormal if ⟨ei, ej⟩ = δij for any two vectors. While we actually
can’t find orthonormal Hamel bases of separable spaces, because it can be shown they don’t
exist in such spaces, the added structure actually guarantees the existence of an orthonormal
Schauder basis.

In fact, the neatest part about separable spaces is that we can use the familiar Gram-
Schmidt orthogonalization process from finite dimensions in order to construct an orthonor-
mal basis, much like we did in finite dimensions!

Theorem 2.12 (Gram-Schmidt). Every infinite-dimensional separable Hilbert space H has
an orthonormal Schauder basis.

Proof. Take a countable dense subset, i.e. one that can be arranged as a sequence (vj) and
which exists since our space is separable. We will orthonormalize (vj) to a sequence (ej)
using the aforementioned Gram-Schmidt process while keeping the span of this sequence the
same.

Take the first element of the sequence satisfying vj ̸= 0, and then set

e1 =
vj
∥vj∥

.

Now, suppose that for the first n elements v1, . . . , vn we have found m nonzero orthonormal
elements e1, . . . , em where m ≤ n and

span (e1, . . . , em) = span (v1, . . . , vn).
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If vn+1 is in the span of e1, . . . , em, then our above equation holds for v1, . . . , vn+1 in place
of v1, . . . , vn. Thus assume that vn+1 ̸∈ span (e1, . . . , em). It follows that

w = vn+1 −
∞∑
j=1

⟨vn+1, ej⟩ ej ̸= 0,

so that we can set
em+1 =

w

∥w∥
.

Now notice that em+1 ⊥ {e1, . . . , em}.
We can continue this process indefinitely, and ultimately we will either get an orthonormal

set which may be finite or infinite and which we can arrange into a sequence (ej). Now, we
claim that any vector u ∈ H that is perpendicular to each ej is the zero vector. We prove
this using the density of the elements vn.

Choose u such that u ⊥ ej ∀j. Since {vj} is dense in H, we have that there must be a
sequence (wk) of elements of {vj} with (wk) −→ u. Each wk is a finite linear combination of
elements ej by construction, so by the Bessel inequality

∥wk∥2 =
∑
j∈N

|⟨wk, ej⟩|2 =
∑
j∈N

|⟨u− wk, ej⟩|2 ≤ ∥u− wk∥2,

which we get because of the fact that ⟨u, ej⟩ = 0∀j. Thus we see that evidently ∥wk∥ −→ 0,
so u = 0.

We have now constructed a sequence (ej) whose elements are orthonormal and linearly
independent. Furthermore, the orthogonal complement of their Schauder span is {0}. This
means that

H = span(ej)⊕ {0}
by 2.10, and therefore (ej) span and consequently constitute an orthonormal Schauder basis.

■

The notion of a separable Hilbert space can be shown to be even stronger: just as every
finite n-dimensional real inner product space is isomorphic to Rn, we can show that any
infinite-dimensional separable Hilbert space is isomorphic to the sequence space ℓ2.
For our purposes, all that matters is that we’ve found a strong enough restriction of

infinite-dimensional inner product spaces to state and prove a spectral theorem, once we’ve
built up some more operator theory.

Some Background on Operators

Equipped with the orthogonal complement and separability, we are almost ready to prove
a sufficiently strong spectral theorem for our use case. Up to now, we’ve been building up
theory about the kinds of vector spaces on which we want to work, restricting to Hilbert
spaces and Schauder bases. In this section, we’ll build up some restrictions on the kinds of
linear operators where our spectral theorem should hold.

We first recall the definition of an adjoint operator from finite-dimensional inner product
spaces.

Definition 2.13. Let X be an inner product space and A a linear operator on X. The
adjoint operator A∗ is the unique linear operator such that ⟨w,Av⟩ = ⟨A∗w, v⟩ for any
v, w ∈ X. We call A self-adjoint if A∗ = A.
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Remember that for the finite-dimensional spectral theorem, we only required an operator
to be self-adjoint. In infinite dimensions, this turns out to be insufficient. An intuitive
reason why we need a stronger condition is the way that we chose unit eigenvectors in the
finite-dimensional case. Implicitly, we used the fact that the unit sphere is compact in finite
dimensions to choose these eigenvectors. The unfortunate reality of infinite-dimensional
spaces is that the unit sphere is no longer compact. Thankfully, we can fix this problem by
restricting the class of operators for which the spectral theorem holds a bit further.

We will now define a class of bounded operators. These operators will give us some of the
structure needed to pick an eigenvector in an analogous fashion to finite dimensions.

Definition 2.14. Let X be an inner product space and A a linear operator. The operator
A is said to be bounded if there is a real number c such that for all x ∈ X,

∥Ax∥ ≤ c∥x∥.

We’ll now define an operator norm, which will allow us to quantify how much operators
scale their inputs. We’ll see that this quantification is crucial for finding a way around the
problem of non-compactness of the unit ball.

Definition 2.15. Given a bounded operator A on a space X, we define its operator norm
by

∥A∥ = sup
x∈X\{0}

∥Ax∥
∥x∥

.

If X = {0}, we set ∥A∥ = 0.

The operator norm is the first step towards finding the right conditions for operators where
the spectral theorem holds. What’s nice is that we can restrict our search to the unit ball
in the following way:

Lemma 2.16. Let A : H → H be a bounded self-adjoint operator on a Hilbert space. Then

∥A∥ = sup
∥x∥≤1

|⟨A, x⟩|.

As a reminder, since A is self-adjoint, ⟨Ax, x⟩ ∈ R.
Proof. For notational convenience, let

s(A) = sup
∥x∥≤1

|⟨A, x⟩|.

By Cauchy-Schwarz, if ∥x∥ ≤ 1 then

|⟨A, x⟩| ≤ ∥Ax∥∥x∥ ≤ ∥A∥∥x∥2 ≤ ∥A∥,
so that s(A) ≤ ∥A∥.
The other side of the proof requires a more involved geometric argument. If λ > 0, then〈

A

(
λx± 1

λ
Ax

)
, λx± 1

λ
Ax

〉
= ⟨A(λx), λx⟩+ ⟨A2( 1

λ
x), A( 1

λ
x)⟩ ± 2∥Ax∥2.

We can now subtract these equations from each other to get that

4∥Ax∥2 =
〈
A

(
λx+

1

λ
Ax

)
, λx+

1

λ
Ax

〉
−
〈
A

(
λx− 1

λ
Ax

)
, λx− 1

λ
Ax

〉
≤ s(A)(∥λx+ 1

λ
Ax∥2 + ∥λx− 1

λ
Ax∥2)
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since the above inner products are of form ⟨Au, u⟩ and hence satisfy |⟨Au, u⟩| = |⟨Aû, û⟩|∥u∥2 ≤
s(A)∥u∥2. We can now apply the parallelogram equality to get that

4∥Ax∥2 ≤ 2s(A)(λ2∥x∥2 + 1
λ2∥Ax∥2.

Assuming that ∥Ax∥ ≠ 0, we can set λ2 = ∥Ax∥
∥x∥ to get that

4∥Ax∥2 ≤ 2s(A)

(
∥Ax∥
∥x∥

∥x∥2 + ∥x∥
∥Ax∥

∥Ax∥2
)

= 4s(A)∥Ax∥∥x∥.

Hence for any x ∈ H, ∥Ax∥ ≤ s(A)∥x∥, i.e. ∥A∥ ≤ s(A). ■

We’ll now define a class of compact operators which will allow us to make a similar selection
of unit eigenvectors when proving the spectral theorem in infinite dimensions.

Definition 2.17. Let V be an inner product space space and A a linear operator on V . We
call A a compact operator if the closure of A(B(0, 1)), the image of the unit ball, is compact.

In fact, compact operators turn out to be exactly the kind of operator we need to prove
the spectral theorem. So, we finally turn our attention there.

Spectral Theorem

We are now in a position to state and prove a version of the spectral theorem that is
sufficiently strong for our use case, namely to analyze the infinite-dimensional solution space
of the wave equation.

Theorem 2.18 (Spectral Theorem for Compact Self-Adjoint Operators). Let H be a sep-
arable infinite-dimensional Hilbert space, and let A be a compact self-adjoint operator on
H. Then there exists a sequence of real eigenvalues (λn) with λn → 0 as n → ∞, and a
orthonormal Schauder basis vn of eigenvectors with Avn = λnvn for all n ≥ 1.

Remarkably, the proof of our more general spectral theorem follows the same pattern as
the proof in finite dimensions, where for a given self-adjoint transformation we used the fact
that it must have an eigenvector, which along with induction on the orthogonal complement
of the span of this eigenvector gave us an orthonormal basis of our space.

We build up this proof via a few key lemmas. First, we recall the A∗-invariance of orthog-
onal complements of A-invariant subspaces, i.e. subspaces V such that A(V ) ⊆ V .

Lemma 2.19. Let A : H → H be a bounded operator on a Hilbert space. If V ⊆ H is an
A-invariant subspace, then V ⊥ is A∗-invariant.

Proof. If w ∈ V ⊥ and v ∈ V then ⟨A∗w, v⟩ = ⟨w,Av⟩ = 0. As v ∈ V was arbitrary, we must
have that A∗w ∈ V ⊥. ■

Just as in finite dimensions, this theorem will enable us to pick an eigenvector, whose span
is by definition invariant, and reduce proof of the theorem to the orthogonal complement of
this eigenvector. To make sure we can pick the unit eigenvector with maximal eigenvalue, we
need to make sure that the infinite-dimensional unit sphere indeed has such a vector. Our
next lemma proves this, finding the first eigenvector.

Lemma 2.20. Let A be a compact self-adjoint operator on a non-trivial Hilbert space. Then
at least one of ±∥A∥ must be an eigenvalue of A.
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Proof. If ∥A∥ = 0 then A = 0 and we’re done, so we may assume that ∥A∥ > 0. By
lemma 2.16 we know that there is a scalar α with |α| = ∥A∥ and a sequence (xn) in H such
that for any n ≥ 1, ∥xn∥ = 1 where ⟨Axn, xn⟩ → α as n → ∞. Since we know that ⟨Axn, xn⟩
is real, we know that α ∈ {±∥A∥}. Now, we can note that since xn are unit vectors,

0 ≤ ∥Axn − αxn∥2 = ∥Axn∥2 − 2α⟨Axn, xn⟩+ α2

≤ 2∥A∥2 − 2α⟨Axn, xn⟩ → 2∥A∥2 − 2∥A∥2 = 0

as n → ∞. What this means is that (Axn) converges iff (αxn) converges, in which case they
converge to the same limit.

As ∥xn∥ = 1 is a bounded set and A is a compact operator, there is a subsequence (xnk
)

for which Axnk
converges, i.e. there is some x ∈ H so that Axnk

→ αx as k → ∞. By the
above, we also have that αxnk

→ αx, and so xnk
→ x, as k → ∞. So, Ax = αx, and since x

is the limit of unit vectors we find that x is therefore a unit eigenvector. ■

We can now combine the previous two lemmas to prove our spectral theorem for compact
self-adjoint operators.

Proof of the Spectral Theorem. Our assumptions are thatH is an infinite-dimensional Hilbert
space with A : H → H a compact self-adjoint operator. We proceed by induction.

By lemma 2.20 we know that there exists an eigenvector e1 with eigenvalue λ1 ∈ R, where
|λ1| = ∥A∥. We can now also assume without loss of generality that ∥e1∥ = 1. This concludes
the base case.

Now, for the inductive case. Suppose for induction that we have already found orthonormal
eigenvectors e1, . . . , en with eigenvectors λ1, . . . , λn. Let Vn = ⟨e1, . . . , en⟩ be the span of
these vectors, and note that A(Vn) ⊆ Vn since these are eigenvectors. We can now apply
lemma 2.19 to get that A(V ⊥

n ) ⊆ V ⊥
n since A is self-adjoint. Let’s write the restriction of A

to V ⊥
n as

An = A|V ⊥
n
: V ⊥

n → V ⊥
n .

Now, An inherits the properties of compactness and self-adjointness from A. Therefore,
we can apply lemma 2.20 again to An to find another unit eigenvector en+1 with eigenvalue
λn+1 where now |λn+1| = ∥An+1∥. Thus we have an orthonormal set of n + 1 eigenvectors
e1, . . . , en+1, completing the inductive step.

Ultimately, we are left with an orthonormal sequence (en) of eigenvectors with Aen = λnen
and λn ∈ R. We next show that λn → 0 as n → ∞. By construction,

|λn+1| = ∥An∥ =
∥∥A|V ⊥

n

∥∥ ≤
∥∥∥A|V ⊥

n−1

∥∥∥ = ∥An−1∥ = |λn|,

so that by induction

|λ1| ≥ |λ2| ≥ · · ·
and hence (λn) is a nonnegative decreasing sequence of reals.

Suppose for contradiction that this sequence does not approach 0 in the limit. Then, for

some ε > 0, we have that |λn| > ε ∀n ≥ 1. But then εen = A
(

ε
λn
en

)
∈ A(B(0, 1)) for all

n ≥ 1, and because en ⊥ em for n ̸= m, ∥εen − εem∥ = ε
√
2 for such vectors. This means

that the sequence (εen) is contained in the closure of A(B(0, 1)). However, the closure of
A(B(0, 1)) is compact, and so the fact that (εen) cannot have a convergent sequence is a
contradiction.
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Letting V =
⋃

n Vn = ⟨e1, e2, . . .⟩, we can also see that A|V ⊥
n
= 0 since

|λn| =
∥∥A|V ⊥

n

∥∥ ≥ ∥A|V ⊥∥ .

It just remains to construct our orthonormal basis of eigenvectors. Since V ⊥ ⊆ kerA
is a separable Hilbert space, either V ⊥ = {0} in which case we’re done, or else V ⊥ must
have a orthonormal Schauder basis by theorem 2.12, which we’ll call (un). We now have an
orthonormal Schauder basis (en) of A-eigenvectors of V , and an orthonormal Schauder basis
of A-eigenvectors of V ⊥. By theorem 2.10, H = V ⊕ V ⊥, and so taking the union of these
two bases gives us a basis for H. Hence we’ve finished the proof. ■

Now armed with the spectral theorem, we are ready to turn back to our original problem.
But, as the apt reader may have noticed, we need a bit of measure and distribution theory
to apply the spectral theorem to our wave equation. Once we do that, we’ll be set!

Measure and Distribution Theory

So, the last few sections discussed Hilbert spaces. The apt reader will have noticed that
in fact C2(Ω) is not a Hilbert space, because it’s not complete. Alas, I was hoping to avoid a
discussion of measure and distribution theory, but in the next few subsections we’ll introduce
the formally correct spaces for PDE solutions to live in, and then show how we can apply
the spectral theorem to our case.

For the rest of this chapter, the definition of Lebesgue measure is assumed. We will go
quickly through elementary definitions in measure theory, and would advise a reader who
has not yet seen these topics to look through [SS05] for more explanation on measure. We’ll
then take a distributional view on these functions to define the weak derivative, skipping
technicalities and without explicitly discussing distributions. A proper treatment of the
subject of distribution theory can be found in [Str03].

Why doesn’t the space of continuous functions work for us? Well, this space is not complete
in the norm induced by our inner product:

Example. Consider the sequence

fn(x) = tanh

(
nx+

L

2

)
,

which is a Cauchy sequence in C2([0, L]). However, fn → f defined as follows:

f(x) =


0, x < L

2
,

1
2
, x = L

2
,

1, x > L
2
.

Evidently, f ̸∈ C2([0, L]), so that this space is incomplete.

The usual way to force completeness is to relax our definition of continuity to a definition
of almost everywhere continuity. So, define

L2(Ω) =

{
f :

∫
Ω

f 2 < ∞
}
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to be the space of all square-integrable functions equipped with the integral as the ‘inner

product’ (and hence ‘norm’ 6 ∥f∥2 =
√∫

f 2).

This space is almost a vector space, but it does not have a unique zero. So let N (Ω) =
{f : ∥f∥2 = 0} ⊆ L2(Ω) denote the elements of norm 0. We’re finally ready to define our
Hilbert space.

Definition 2.21. Given a set Ω, we define L2(Ω) = L2(Ω)/N to be the quotient space of
square integrable functions, modulo functions with integral zero, on Ω.

The L2-space is indeed an inner product space, and it’s even complete! Unfortunately,
the quotient above meant that we have now lost the ability to even evaluate functions
pointwise. So, we have no hope of computing local information exact enough to take a
classical derivative. So, how do we rectify this? We move away from thinking about the
local characterisation of the derivative. First, we can start to think about ‘evaluating a
local region’ of a function by looking at the behaviour it exhibits when integrated against a
suitable test function. To encode the locality of test functions, we require compact support,
and for nice differentiability properties we require smoothness.

Think of the test function as being like a thermometer bulb. A thermometer bulb measures
temperature not at a particular point, but in a local area around itself. So too do test
functions give us information about how large a function is in a local area.

This way of looking at functions is a ‘distributional’ view. How does our new perspective
allow us to take a derivative? Well, now we can take what’s called a weak derivative via
integration by parts, and get another L2 function back.

Definition 2.22. Let f ∈ L2(Ω). Its weak derivative f ′ ∈ L2(Ω) is characterized by action∫
Ω

f ′ϕ = −
∫
Ω

fϕ′

on test functions ϕ.

The reason we didn’t have to care about the other term in the integration by parts is
that our definition of test functions (specifically, the compact support) means that this term
is always 0. Note that the notation is a bit simplified and concerns about existence and
well-definedness are not addressed here. The interested reader is pointed to the aforemen-
tioned text on distribution theory ( [Str03]) for a more principled approach to defining weak
derivatives.

That being said, our new notion of derivative now allows us to define Sobolev spaces,
which will finally suffice as Hilbert spaces whose elements are functions whose derivatives
are sufficiently nice.

Definition 2.23. The Sobolev space Hk(Ω) ⊆ L2(Ω) is the set of all L2-functions on Ω
whose first k weak derivatives are also in L2. This space is equipped with the norm

∥f∥Hk(Ω) =
k∑

i=0

∥∥f (i)
∥∥
L2(Ω)

.

As our wave equation is a second-order PDE, we will proceed working on the Sobolev
space H2(Ω). There’s one last catch: to apply the spectral theorem, we actually need to

6Technically, this is a seminorm.
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enforce the Dirichlet boundary conditions. This is because we’ll need to use integration by
parts, and once again it would be really nice for us if the non-integral term of the integration
by parts had value 0.

How do we enforce this? Unfortunately, pointwise limiting is no longer meaningful, so we
can’t say that we only want functions whose values approach 0 as the inputs approach the
boundary ∂Ω. Thankfully, we can once again build this definition using compactly-supported
functions.

Definition 2.24. The space H1
0 is the closure of the infinitely differentiable functions com-

pactly supported in Ω in H1(Ω).

Essentially, in the limit, we will be left with functions that ‘die off’ as they approach the
boundary, as desired. Since we still want to restrict our attention to H2 functions on Ω, we’ll
proceed to the next section only considering functions in the space

H(Ω) = H2(Ω) ∩H1
0 (Ω).

To recap, functions f in this space satisfy the following conditions:

(1) Their first two weak derivatives f ′ and f ′′ are square-integrable.
(2) They disappear on the boundary, in particular for any g ∈ L2(Ω) we have that∫

∂Ω

fg = 0.

At long last, we have a suitable function space to apply the spectral theorem we built up
earlier.

3. Eigenvalues All the Way Down

Having now built up an appropriate function space for us to work in, and a spectral
theorem to match, we finally return to our wave equation.

The Inverse Laplacian

We need a suitable operator to work with, which will end up being the inverse Laplacian
operator. For reasons that will soon become clear, though, we’ll first choose the negative
Laplacian A = −∇2. We already know that the Laplacian is linear by the linearity of partial
derivatives. It follows that the negative and inverse Laplacians would also be linear. We
now show that the negative Laplacian operator A is self-adjoint:

⟨f, Ag⟩ − ⟨Af, g⟩ =
∫
Ω

(g∇2f − f∇2g) dx

=

∫
∂Ω

(
g
∂f

∂n
− f

∂g

∂n

)
dS,

Where the second line is due to Green’s second identity. Now, recall that we have chosen
our space of functions H(Ω) such that∫

∂Ω

f
∂g

∂n
dS =

∫
∂Ω

g
∂f

∂n
dS = 0.
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It follows that ⟨f, Ag⟩ − ⟨Af, g⟩ = 0. In particular, we can now conclude that ⟨f, Ag⟩ =
⟨Af, g⟩, i.e. that A is self-adjoint. Since we intend to apply the Spectral theorem to the
inverse Laplace operator A−1, the fact that A is self-adjoint means that

⟨f, A−1g⟩ = ⟨AA−1f, A−1g⟩ = ⟨A−1f, AA−1g⟩ = ⟨A−1f, g⟩
and hence A−1 is self-adjoint as well.

It can also be shown that the inverse Laplacian is compact, although for brevity we will
not prove this here. The interested reader is directed to [Eva10] for more details.

One last technicality: since the negative Laplacian is an operator

A : H(Ω) → L2(Ω),

the inverse Laplacian operator A−1 has domain L2(Ω). We haven’t yet shown that this
L2-space is separable.

In order to show the separability of the space L2(Ω), consider the set of rectangles with
countable endpoints. Denote the set of indicator functions on these rectangles by I. Now,
let V denote the linear span7 over Q of the indicator functions in I. This set, containing the
elements ∑

vi∈I

qivi

for finite subsets I ⊂ I and qi ∈ Q, is still countable. It can also be shown that it is dense
in L2(Ω). Hence our space L2(Ω) is suitable to apply our spectral theorem.
We now have a compact self-adjoint operator A−1 on the separable Hilbert space L2(Ω).

We can finally think about the orthonormal Schauder eigenbasis (vn) that the spectral the-
orem tells us will exist in this situation. As we’ll see, we’ve already found this: it’s our set
of solutions from chapter 1.

The Spectrum of the Wave Equation

Recall that in the first chapter, we found a set of solutions to the wave equation under
given conditions in both one and two-dimensional cases. We’ll now show that these functions
are the eigenfunctions of the inverse Laplacian, and hence by the spectral theorem any
function describing the movement of our sound-producing media can be expressed as a linear
combination of these functions.

When we solved the wave equations by separation of variables, we got a function u that
was a product of a sinusoid in t, say with period ω, with some function w in the spatial
variables. Now, this means that ∂tt u = ω2u, such that in both cases we see that for our
function u the wave equation reduces to

ω2u−∇2u = 0.

Hence, any solution to the wave equation with the time component separated is an eigen-
function of the Laplacian operator ∇2 with eigenvalue ω2. But by linearity, this means that
such a function is also an eigenfunction of the negative Laplacian A, and in turn the negative
Laplacian A−1. Since we have found all such eigenfunctions8 in both one and two dimensions
in chapter 1, by the spectral theorem these eigenfunctions (after normalisation) constitute

7Here, we mean a linear span in the Hamel sense, i.e. that vectors must be represented as finite linear
combinations of basis elements.

8In two dimensions, the polar separability of eigenfunctions is required by the wave equation’s boundary
conditions.



WHY A TIMPANI IS SO HARD TO TUNE 23

Figure 4. Frequencies of an ideal high E guitar string (image credit [HT01])

an orthonormal basis of L2(Ω). Hence the spectrum, or set of eigenvalues, of ∇2 is the set
of eigenvalues of the solutions we found in chapter 1.

Now, since any solution to the wave equation is in L2(Ω) by assumption, and the eigen-
functions form a basis of this space, it follows that the solutions of the wave equation can
be expressed as an infinite linear combination of eigenfunctions. As an aside, one can also
use this fact to solve the wave equation without explicitly considering initial conditions, by
composing a solution as a suitable sum of eigenfunctions of the boundary valye problem. The
coefficients of this sum are found via inner products of initial conditions and eigenfunctions.

Back to our main topic. As each eigenfunction has as a factor a sinusoid in t with fixed
period, the frequencies emitted by the instruments correspond to the periods of the eigen-
functions. In particular, the frequencies are the square roots ω of the Laplacian eigenvalues.
Therefore, no matter how each instrument is struck, the set of possible resonant frequencies
stay the same. This is what the spectral theorem has bought us.

Let’s think about the periods of these sinusoids. For the one-dimensional wave, the sinu-
soids have periods cnπ

L
, and these frequencies are in a ‘Harmonic series’ 9. We see this in

Figure 4, which shows the frequencies of a guitar. Note that the case of a violin is similar,
but as the violin’s E string is tuned one octave higher the frequencies would all need to be
doubled.

On the other hand, on a timpani these frequencies would be cjn,m, where jn,m are the
zeros of the Bessel function. These are not in Harmonic series, as can be seen in Figure 5.

9This is called a Harmonic series in music terms; in mathematics, we’d call this a geometric progression.
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Figure 5. Frequencies of an ideal drum (image credit [HT01])

Resonant Frequencies of the Timpani

So, why does the timpani sound pleasing if the frequencies we’ve calculated it to produce
are so un-musical? Surprisingly, as can be seen in Figure 6, the real-world frequencies
produced by a timpani do not match these zeros of the Bessel function! Note that each
frequency here also has an associated decay rate, which indicates how quickly the sound
produced by the eigenfunction corresponding to a certain frequency dies out.

According to [FR13], the main real-world phenomenon accounting for this difference is
called ‘air loading’, meaning that the timpani moves such a great mass of air that the
oscillation of the drum membrane becomes coupled with that of the air. While we won’t go
into the mathematics of this coupling, we will make two key observations here about why
this effect makes the timpani sound musical.

First, the frequencies of the timpani labeled (n1) are pushed closer to being in Harmonic
series. Originally, these frequencies corresponded to the zeros jn,1 of the Bessel function J1.
Second, the eigenfunctions associated with these frequencies, called (n1) modes, decay due

to energy loss much more slowly than the other frequencies, meaning that they are more
prominent for a listener. As a result, for n > 0, the (n1) modes are called the preferred
modes of the timpani. So, rather than the fundamental frequency of the timpani produced
by the (01) mode dominating, it is instead the ‘preferred frequency’ produced by the (11)
mode that is most audible when a timpani is played.

The reason why the (11) mode dominates also has to do with how the timpani is struck,
since striking it in a way that excites this mode 10 produces more clean acoustics than striking

10In particular, it is struck such that the initial conditions have high inner product with the (11) mode.
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Figure 6. Frequencies and decay rates of a timpani as measured
experimentally in the real world (image credit [HT01])

the (01) mode. In any case, this analysis is sufficient to answer our original questions from
the introduction.

Why is a Timpani So Hard to Tune?

After a very long mathematical journey, we’re finally ready to discuss the reason why my
band director didn’t let us tune the timpanis all those years ago.

Let’s start with the most obvious reason, which has to be our assumption of uniform
tension. In order for a our mathematical analyses to be valid, both timpanis and violins
need uniform tension on the boundary of their sound-producing medium; i.e., their heads
and strings, respectively.

For a violin, the boundary is two points, one of which is fixed at the bridge. So the only
adjustment that a violinist must make in order to change the tension on a given part of the
string is to turn the peg. The construction of the violin ensures that the string stays taut
regardless of how the peg is tuned and hence the uniform tension assumption is maintained
regardless.

On the timpani, however, one must tune six to eight lugs across the head of the drum to
have the same tension. This requires a level of precision that was not needed for the case
of a violin, but could be trained over time. In any case, this uniform tension assumption
is much harder to achieve when tuning a timpani, whereas it is guaranteed when tuning a
violin.
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Anyone could have thought about uniform tension. Did our mathematics elucidate another
potential reason for the timpani being harder to tune than the violin? Yes, and that’s the
fact that the eigenvalues of a timpani are not in harmonic series while those of a violin are.
This means that a timpani relies on the physical mechanism of air loading to produce nice
sound, and as discussed previously we are tuning to the frequency of the preferred (11) mode
and not the fundamental.

However, the effects of these deviations from our mathematical theory are in fact quite
predictable, so that an apt tuner can adjust their approach to account for these deviations.
As a result, a tuner doesn’t have to actively think about these complicated phenomena. So,
ultimately, their effect on the difficulty of timpani tuning is not all that pronounced.

What makes a timpani so hard to tune? Frankly, it comes down to the fact that achieving
equal tension across six lugs on the boundary requires the tuner to have precise ears and deft
hands. As for why my band director didn’t think any of the percussionists in the band were
qualified to overcome these difficulties, I’ve got some conjectures. The amount of training
it would take to tune the timpanis accurately would not have been worth the effort if the
instrument was only tuned once every few months to a year. However, even if the instrument
was tuned more frequently, I doubt that it would have produced a noticeable effect on the
sound of a band at our level, despite what the Reddit experts say.

But in a situation like this where we don’t know the answer, Occam’s razor tells us that
the simplest answer is most likely to be true. In this case, the simplest reason why my band
director wouldn’t have allowed us to tune the timpani is because teenagers are not known
to exhibit the patience required for this challenging of a tuning.
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