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ABSTRACT. Combinatorial game theory and coding theory appear to be completely sepa-
rate fields at first glance. However, they share a profound connection through structures
known as lexicographic codes, or lexicodes. First introduced by Conway and Sloane in 1986,
lexicodes are generated by greedily selecting words from the space F’, and the conditions
we impose on the selection algorithm and the structures of these codes form the bridge be-
tween error-correcting codes and lexicodes. We explore this bridge in detail, beginning with
the foundations of the Sprague-Grundy theory of combinatorial games and nim-addition, as
well as providing some intuition as to how a game’s winning strategy can be represented
as a binary code, referred to as a losing code. We then generalize the concept of a losing
code to base B, and then prove the relation between lexicodes and games, and discover
the structures hidden in lexicodes. In particular, we demonstrate how lexicodes constructed
over bases that are Fermat powers of 2 naturally form linear codes, and introduce the notion
of nim-multiplication as the scalar multiplication that the code is closed under. Then, we
look at how certain combinatorial games’ losing codes are error-correcting codes, including
the classical Hamming codes and the extended binary Golay code. We then incorporate
recent research by Yuki Irie to show that this greedy construction is not limited to bases
that are powers of two; by applying a basis modification, we provide a proof that the algo-
rithm successfully generates the extended ternary Golay code in base 3. Finally, we analyze
constant weight lexicodes, establishing their connection to game theory and demonstrating
how these restricted codes can generate highly symmetric combinatorial designs, specifically
the S(5,8,24) and S(5,6,12) Steiner systems. Ultimately, this paper synthesizes classi-
cal results with modern developments to highlight the enduring utility of game theory in
understanding optimal error-correcting codes.

1. INTRODUCTION

Combinatorial games and error-correcting codes are two relatively distinct fields; from an
outside perspective, one may never guess that they could be somehow linked. Yet, in 1986,
John H. Conway and Neil J. A. Sloane published a paper that managed to connect these
two far-flung fields, using an intermediate structure which they referred to as a lexicode to
connect the two. Essentially, they took a game’s winning strategy and turned it into a code.
They also proved that preexisting error-correcting codes, such as Hamming codes, were in
fact codes that related to certain mathematical games.

This paper will cover their results, and include proofs of certain theorems which were omitted
in their 1986 paper. We will start by covering the game theoretic aspect of the codes they
discussed, then delve into the theory behind lexicodes and some of their properties. We will
then show that certain lexicodes are the same as already-discovered error-correcting codes.
Afterwards, we will look at a new type of lexicode with a restriction on the weight of the
codewords, and build a theory for certain cases. We will also see how these codes relate

to previously-discovered Steiner systems. Finally, we will conclude with a brief discussion
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of the applications of lexicodes and discuss matters which may be of further interest to the
reader.

2. COMBINATORIAL GAMES

We can look at the game theory aspect of these codes through what are known as heap
games. These games involve heaps of objects, and there are two players. On a player’s turn,
they have a certain set of moves they can make in relation to the heaps.

An illustrative example of a heap game is what is known as Grundy’s game, explained
in |Gru39]. At any given moment, the position of the game can be represented as the sum

P+ P+ Pt

where Py represents a heap containing k objects. On a player’s turn, they can take a heap
and split it into two heaps of distinct sizes. That is, they can take a heap P, and split into

P+ P,

where i < 7,4 # 7, and i+j = n. The game ends when a player is no longer able to split a pile.

A general heap game may be taken to have atomic positions P; and overall position
Po+B+FP. A+,
where each atomic position here represents an independent heap.
We can express the legal moves a player can make as a family of sets known as turning sets.
A turning set is of the form
{h,i,j,..},h>i>j> -+,
and it represents the move of splitting P, into
P+ P+

Using this notation, the turning sets for Grundy’s game would be

{{3,2,1},{4,3,1},{5,4,1},{5,3,2},...}.

Heap games and the theory behind them have been well studied. In this paper, we will take
the following results from [Gru39] and [Spr35]:

Theorem 1. We define a function G(P), which assigns integer positions to positions P.
Specifically, G(P) = mex(G(Q),G(R),...), where mex is the “minimum excluded value”, or
the smallest integer not in the specified set, and QQ, R, ... are the positions reachable from P
in exactly one move. We also refer to G(P) as the G-value of P. G(P) has the following
properties:

(1) A player wins by moving to positions where the G-value is 0.

2 GIP,+P,+P.+--)=GP,) &GP, &®G(P.) & ---. Here, the operation & 1is

nim-addition, also known as “binary addition without carry” or “exclusive-or”.

Proof. We proceed by mathematical induction to prove the properties of the function G(P),
utilizing the definitions of G(P) and the minimum excluded value (mezx).

First, we prove the winning condition. By the rules of normal play, the game must end
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in a finite number of moves, and the first player unable to move loses. A terminal position
has no available moves, so its set of reachable G-values is empty. The mex of an empty set
is 0. Therefore, the terminal, losing position always has a G-value of 0.

Now, if a player is in a position where G(P) is greater than 0, the definition of mex guar-
antees that 0 must be in the set of reachable G-values. This means the player always has a
legal move to a position where G(Q) equals 0. Conversely, if a player is in a position where
G(P) equals 0, the definition of mez guarantees that 0 is excluded from the set of reachable
G-values. This ensures that any legal move will hand the opponent a position with a G-value
greater than 0.

Consequently, a player can guarantee a win by consistently moving to a position with a
G-value of 0, and this concludes the proof of the first part of the theorem.

Next, we prove the additive property for a game composed of multiple independent sub-
games. Let us analyze a combined game consisting of two independent subgames, A and B.
A legal move in the combined game A + B consists of making a valid move in exactly one of
the subgames while leaving the other untouched. Therefore, any subsequent position from
A+ B must take the form of either A’ + B (where A’ is a valid next position in A) or A+ B’
(where B’ is a valid next position in B).

Applying the mex definition to this combined game, we find that the G-value of the to-
tal board is the mex of the G-values of all these possible next positions. We can express this
mathematically by stating that G(A + B) is the mex of the set containing all G(A’ + B) and
all G(A+ B').

We now apply strong induction, assuming that our additive property already holds true
for all game states that precede our current position. Then, we can substitute the G-values
of the next positions with their nim-sums. This allows us to rewrite our equation so that

G(A + B) equals the mex of the set containing all G(A") & G(B) and all G(A) & G(B’).

Because G(A) is defined as the mex of all reachable G(A’) states, the set of available G(A’)
values must contain every integer strictly less than G(A). The same is true for G(B’).
However, we know the definition of the nim-sum of two numbers x and y is

mez(x &y, 2’ @ y) over all nonnegative integer values of 2’ < x and ¢’ < y (see [Con76).)

Therefore, our equation for the combined game fits the definition of nim-addition, which
implies that G(A + B) is equal to G(A) @ G(B). Repeatedly applying this identity gives us

the desired conclusion.

This concludes the proof of the second part of the theorem, and we are done. [

This theorem essentially gives us a way to solve any impartial game, and will help us char-
acterize the codes we discover later on.
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Recall our expression for the position of a heap game:
P,+P+P. 4.

In [CS86], Conway and Sloane expressed this same sum in the form

Znipia

where the n; account for how many times a heap with a given size appears; for example, if
ne = 3, then there are three heaps with size 2.

The power of this alternate form is that it gives us an alternative way to represent the
game’s position. Namely, we can take the vector

(. . n3n2n1)

as an alternative representation of the game position.

Conway and Sloane then noticed that since x @ x = 0 for all z, the outcome of any such
position only depended on the parities of the n;. Essentially, two piles of the same size cancel
each other out.

Using this, they expressed the winning strategy of any game as the list of all binary vectors

(- G3G2€),

where each (; = 0 or 1 depending on the parity of the number of piles of size 7. All of the
vectors in their list also had the property that

Y GG(R) =0,
where the sum here is in the nim sense. By Theorem 1, this means that every position in
the list is a losing position.
Conway and Sloane referred to this as the winning code; however, seeing as this code consists
of the positions where the first player loses, we will call this the losing code instead.

Now, we can deduce the following theorem:
Theorem 2. The losing code for a game is a linear code over Fq, or in binary.
Proof. For our code to be a linear code, it must include the zero vector, be closed under

addition (or in our case, nim-addition), and closed under scalar multiplication.

We see that the codeword (---000) is in the losing code for any game. This is because
when all the piles are 0, there is no legal move for Player 1 to make, and so they lose. Since
our code includes all losing positions, it must include the zero vector.

Then, since each vector in the losing code has a nim-sum of 0, the nim-sum of 2 such
vectors is also 0, and therefore the losing code is closed under nim-addition.

Finally, multiplying by a scalar does not change the nim-sum whatsoever; therefore, the
losing code is closed under scalar multiplication and we are done. [ |

With this, we move on to the bridge between combinatorial games and error-correcting codes:
lexicographic codes, or lexicodes.



3. LEXICODES

We start by considering losing codes in base B. In [CS86], Conway and Sloane generalized
the definition of a game to base B, and we use that definition here.

A game can be defined given a base B and a family of finite turning sets of the form
{h,i,j,..},h>i>j5>---.

Thinking back to our earlier representation of the losing code of a game, we can represent
the position of the typical heap game as

N =362,

where the (; are 0 or 1. The legal moves for this game are described below in the general-
ization of this representation.

Now, for the base B generalization, we describe a position as a number

N =Y (B,
where
(=0,1,2,...,B—1.
Equivalently, we can take the vector

(- G3G2C1)-

A legal move is to move to the position

N'=3 (B

provided that
(1) NN< N
(2) The set of all i such that (! # (; is a turning set.
Note that the conditions do not specify how much a new position must differ from the orig-

inal position. In addition, the Sprague-Grundy theory still applies to these games, and we
can define the losing code for these games in a similar manner to how we defined them earlier.

For each family of turning sets and each base B, Conway and Sloane also defined a code
known as a lexicographic code, or lexicode. To construct this code, we take our set of possi-
ble words (- --(3(2(1), 0 < (; < B, and consider them in the lexicographic order determined
by the corresponding number N = >_ (;B’. (This is just numerical order, least to greatest.)
Words are rejected from the code if we have already considered some earlier word

N = (- (56:61)
for which the set of i such that (! # (; is a turning set. Otherwise, the word is included in
the code.

We now prove one of the main theorems that Conway and Sloane discovered about lexi-
codes:
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Theorem 3. The lexicode with respect to a certain family of turning sets and a base B is
the same as the losing code for the same family of turning sets and base B.

Proof. We proceed by induction on the position N.

First, if N is not in the lexicode, there must have been some smaller N’ for which the
move from N to N’ was a turning set. By our induction hypothesis, this means that the
move from N to N’ was a winning move, and thus N is not a losing position.

Second, if N is in the lexicode, and N to N’ is a legal move, then N’ < N and the list
of i for which (] # (; is a turning set. Since we must have rejected each of these N', by our
induction hypothesis, they were all winning positions and thus N is in the losing code. This
completes the proof. [ ]

By combining Theorems 2 and 3, we can see that for B = 2, any lexicode is closed under
nim-addition. However, we can generalize this:

Theorem 4. Any lexicode with base B = 2™ is closed under nim-addition.

Proof. We consider the case where B = 8, and the proof is very similar for the other cases.
We can split an octal digit into 3 binary digits, as follows:

Octal Digit | Binary Digits
000
001
010
011
100
101
110
111

N[O TY | W N|— O

In this way, the original base 8 game becomes a binary game. In this binary game, 7" is a

turning set if
{ EJ i T}

was a turning set in the base 8 game. (Here, |z] is the integer part of x.) Since we know
that this new game’s losing code is closed under nim-addition, the original base 8 game’s
losing code must be as well, and we are done. [

Now, we have that lexicodes with certain bases are closed under nim-addition. However,
in [Con76], Conway introduces the notion of nim-multiplication and defines the operations
of nim-addition and nim-multiplication using the logic of mex. In addition, he shows that
these operations turn the integers into a field with characteristic 2.

In particular, Conway defines nim-addition as

a®b=mex(ad ®badb)
where the mex is taken over all ' < a and V' < b. He also defines nim-multiplication as

a®@b=mex(d RbBab dd ).
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Again, this is taken over all ' < a and O < b. Furthermore, nim-multiplication happens
before nim-addition.
Using this definition, we deduce the following result:

Theorem 5. Any lezicode with base B = 22" (i.e. a Fermat power of 2) is closed under
scalar nim-multiplication by numbers o in the range 0 < o < B.

Proof. Since B = 2%, the set {0,1,...,B — 1} is a field under nim-addition & and nim-
multiplication ® [Con76|; in particular ® distributes over @, a fact we use below.

Define f((, P) to be the G-value of the position with the single digit ¢ (where 0 < { < B)
in coordinate P,

f(¢,P)=G(...,0,0,¢,0,...,0),

and write f(P) = f(1, P). Because the lexicode is exactly the set of positions of G-value
0, and G is additive across coordinates by Theorem 1, the code is closed under scalar nim-
multiplication by « provided

fla, P)=a® f(P)

for all @ and P.

We prove this statement by induction on both o and P at once: when we examine the
position with « in coordinate P, we assume the claim already holds both for every smaller
digit ¢’ < « in that same coordinate and for every earlier coordinate () < P. Each of the
two uses below falls under one of these two cases.

From the position with « in coordinate P, a legal move changes a turning set { P, Q1,Q2, ... }
of coordinates: it lowers a to some ¢’ with 0 < '’ < « and raises each @; from 0 to some n;
with 0 < n; < B. By the additivity of the function G(P),

fla, P) = mex(f(¢, P)® Y f(ni, Q).

where the mex is taken over all (' < v and all turning sets {P, @1, ... } with nonzero entries
;.

Applying the induction hypothesis to our above equation - namely f({',P) = (' ® f(P)
since (' < a, and f(n;, Q;) = n; ® f(Q;) since Q; < P - gives

f(o.P) =mex(¢'@ f(P) &Y mi® [(Q).

If we change the parameters of our earlier equation to « = 1, ¢’ = 0 (so the first term
vanishes), we can see that

F(P) = mex( Y- mi® £(Q))).

so the values ), n; ® f(Q;) realized by the moves are exactly {0,1,..., f(P) — 1}. Hence
every A < f(P) can be written as A =) . n; ® f(Q;) for some legal move.
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We now expand the target o ® f(P) on its own, using the definition of nim-multiplication
together with the distributive law:
a® f(P)=mex((' @ f(P)Sa®@u®( @ pu)
=mex((' ® f(P) @ (a @ () @ p),

where the mex is taken over all (' < a and all p < f(P).

To finish, we show that these two mex expressions, the one we found for f(«, P) and the one
we just found for a ® f(P), range over exactly the same set of values, so that they must be
equal.

Fix any ¢’ < a. Since ¢’ < a we have (' # «a, and therefore a & ¢’ # 0. This means
that multiplying by the fixed nonzero element o @ ¢’ simply shuffles the nonzero field ele-
ments. Therefore, as p runs over all values below f(P), the products (a @ ') ® p run over
that same collection of values, just in a different order.

Now, recall that every u < f(P) can be written as g = ) .n; ® f(Q;) for some legal
move. Then,

{ce)ouin< f(P)}={@e)enmef(Q)}
={See)on s f(Q)},

where the second line is just the distributive identity. Now, as each n; ranges over all nonzero
field elements, so does (o @ (') ® n;, by the shuffling observation above. Renaming these
products back to n; therefore leaves the set unchanged:

{Zi(a@C’) ®m®f(c2i)} = {Zn ®f(Qi)} ={A: A< f(P)}.

So for each fixed ¢/, the values ranged over inside the mex for a ® f(P) are exactly those
ranged over inside the mex for f(«, P). Since the two mex expressions have the same
arguments, they agree, and

fla, P)=a f(P).
This completes the induction and establishes our desired result, so we are done. |
Remarkably, we now have a general structure for lexicodes with bases that are powers of

2 or Fermat powers of 2. However, other bases are not so yielding. For example, take the
following lexicode with base 3, where the turning sets are all of the sets of size < 1:

...000
...011
...022
...101
...110
..202,
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and so on. However, the sum of the third and fourth words is not in the code, and this code
is not linear.

Progress is still being made when it comes to the structure of lexicodes in other bases, but
for now, the structure we have discovered can lead us to some interesting results.

4. LEXICODES AND ERROR CORRECTING CODES

Here, we will explore how lexicodes map to certain types of error-correcting codes.

We first define the turning sets of a lexicode using an integer d. When d = 2, for ex-
ample, the family of turning sets consists of all sets with cardinality < 2. We also define a
length n so that the lexicode consists of all appropriate n-dimensional vectors.

We start with the following theorem by Conway and Sloane:

Theorem 6. When B = 2%" and d = 3, lexicodes of length

B™—1

B—-1

are Hamming codes, and those of other lengths are shortened Hamming codes.

n=1+B+B>+---+B" =

Proof. We know that a lexicode of this form is a linear code in base B because it is closed
under nim-addition and nim-multiplication. We call this linear code C'.

Since C' is a linear code, it can be characterized by an m X n parity-check matrix H over

Fp [MS77], such that
C={xeF%| Hz" = 0}.

Let the columns of H be hq, ho, hs, ..., h,. Because of how our lexicode is made, we know
the following about our columns:

(1) No column consists of all Os.

(2) h; # «- h; for any scalar a € {0,1,2,...,B — 1}.
This implies that every column h; is essentially a representative of a 1-dimensional vector
subspace in . Each such subspace contains exactly B — 1 non-zero vectors.

The parity-check matrix H has m rows. Therefore, there are B™ possible vectors that
can fill the columns. However, we also have that the columns are non-zero, so our total
count for how many possible columns we can have is B™ — 1.

We know that no two of our columns are linearly dependent because of our value for d.
This implies that the maximum length for our code is

B™—1

B-1
as we can only select one vector from each subspace. When this is the length of our lexicode,
it is the same as a Hamming code.

=1+B+B*+---+B" "

Furthermore, if the length is less than our maximum, then we can see that the resulting
code is a shortened Hamming code and we are done. [ |
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Using just our theory of lexicodes from earlier and some basic facts about error-correcting
codes, we now have the result that one of the most well-known error-correcting codes and
one of the three nontrivial perfect codes is a lexicode. Furthermore, when @ = 1 (and hence
B = 2), the game that produces the binary Hamming code is Nim, one of the most well-
known heap games [CS86).

We now move on to a slightly more complex code, known as the Golay code.

Theorem 7. When B = 2, d = 8 and n = 24, the code produced is the [24,12,8] Golay
code, where [24,12,8] means that the codewords are of length 24, have dimension 12, and
have minimal distance 8.

Proof. We will show in turn that L is linear, that its minimal distance is 8, and that its
dimension is 12.

The fact that L is linear follows directly from Theorem 4, so L is a binary linear code
of length 24.

We now pin down the minimal distance. Because L is linear, the distance between any two
codewords is the weight of their nim-sum. We also know that their nim-sum is a codeword.
The algorithm that generates our lexicodes accepts a word only when it lies at Hamming
distance at least 8 from every previously accepted word. Now, if we assume that one of the
two words in question is the zero codeword, we see that every nonzero codeword has weight
at least 8. Conversely, the first nonzero word the algorithm accepts is the numerically small-
est word at distance 8 from the zero codeword, which has weight exactly 8. Therefore, the
minimal distance of L is exactly 8.

We now find the dimension by using a bounding argument.

We can bound the dimension from above using the sphere-packing bound. Since the minimal
distance is 8, the code corrects 3 errors, so the Hamming balls of radius 3 centered at the
codewords are pairwise disjoint. Each such ball contains

24 24 24 24
(0>+(1>+<2)—|—<3) =14 24+ 276 4 2024 = 2325

|L| - 2325 < 2%,

words, so

This means that
|L| < 7216 < 2",

Since L is linear, |L| = 24~ and therefore dim L < 12.

For the lower bound, the construction of our lexicode produces 12 linearly independent
codewords. By the definition of the dimension, dim L > 12.

Combining the two inequalities we have for the dimension gives us that dim L = 12, so
the dimension of our lexicode is 12.



11

Now, we have that L is a binary linear code with parameters [24,12,8]. By [Ple68|, the
extended Golay code is the unique code with these parameters up to equivalence, so L is the
extended [24, 12, 8] Golay code, and we are done. [ |

The corresponding game for the above code is called Mogul; more details about it can be
found in [BCGS82].

If we remove the last digit from the code we just looked at, we get the perfect binary
Golay code, one of the three perfect error-correcting codes.

A natural question now is whether we can construct the third perfect code, namely the
ternary Golay code. However, one major problem we face is that in ternary, lexicodes are
not nearly as nice - at least, not at first.

We noted earlier that lexicodes constructed over bases that are not powers of 2 do not
inherently guarantee linearity. However, this is only what we get when we naively apply
the standard greedy algorithm. Recent work by Yuki Irie [Iri26] demonstrates that this is-
sue can be bypassed by applying a slight modification to the order in which we look at vectors.

To understand how this works, we first define the notion of a basis. This is a collection
of vectors that defines a vector space. These basis vectors are linearly independent. Further-
more, we can reach any point in our vector space through a linear combination of our basis
vectors.

Now, we define the standard lexicographical ordering for vectors in F% slightly more rig-
orously, using our new idea of a basis.
Under the standard basis E = {eg, €1, s, ... }, a vector is evaluated based on the numerical

value N = Y (;BY, where (; € {0,1,2,...,B —1}.

Irie introduces a modified basis F' = { fo, f1, fo, ... } for the vector space we look at. We fix
a specific column index £ € {0,1,...,8} (Irie proves that any of these columns will yield
the same result; if this notion feels unnatural, just select a number from 0 to 8 and use that
column index.) Here, “column index” means that our first column has index 0, our second
has index 1, and so on. The modified basis is constructed by replacing the &-th standard
basis vector with the sum of itself and the 10th standard basis vector (index 9).

Specifically, the basis F' is defined as:

fg = e¢ + ey,

fi = e; for all © # €.
Candidate words are now evaluated in the lexicographical order induced by this new basis
F| sorting by N = > ¢ fi.
Using this new basis, we have the following theorem:

Theorem 8. For base B = 3, minimal distance d = 6, and length 12, the lexicode generated
using the modified basis F is the [12,6, 6] extended ternary Golay code.
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Proof. We apply the greedy algorithm to F4?, evaluating candidate words in the lexicographic
order induced by the modified basis F' and accepting a word whenever it lies at Hamming
distance at least d = 6 from every previously accepted word.

We first establish linearity. Because the ordering is induced by the modified basis F', The-
orem 4 does not apply directly, so we instead verify by computer (Appendix A) that the
accepted set is closed under vector addition and under scalar multiplication mod 3. This
means that L is a linear subspace of F3%. (Irie has a synthetic proof of this in [[ri26].)

The minimal distance is 6: as in the binary case, linearity makes the distance between
two codewords equal to the weight of their difference, which is again a codeword, and the ac-
ceptance rule forces every nonzero codeword to have weight at least 6, while the first nonzero
accepted word has weight exactly 6.

We apply a bounding argument similar to the one in the previous proof to determine the
dimension.

We can bound the dimension from above using the sphere-packing bound over F3. Since the
minimal distance is 6, the code corrects 2 errors, so the Hamming balls of radius 2 centered
at the codewords are pairwise disjoint. Each such ball contains

12\ ., (12\.,  (12\.,
o )2 )2 ()2 =124 4 260 = 289

|L] - 289 < 3'%

words, so

which means that
|L| <1838 < 37,

Since L is linear over F1? |L| = 39™ L and therefore dim L < 6.

For the lower bound, the greedy construction itself produces 6 linearly independent code-
words, so dim L > 6.

Combining our two bounds, we get that the dimension of L is 6.

Now, we have that L is a linear code over F3 with parameters [12,6,6]. By [Ple68|, the
extended ternary Golay code is the unique code with these parameters up to equivalence, so
L is the extended ternary Golay code. |

We see that the punctured code obtained by deleting the last coordinate of this code is the
perfect ternary Golay code. This means that we have now constructed all three nontrivial
perfect codes using our simple greedy algorithm approach (and a few more tricks.)

Now, by adding additional constraints to how we construct our lexicodes, we can construct
more systems essential to coding theory.
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5. CONSTANT WEIGHT LEXICODES

We now explore lexicodes with an additional restriction; instead of greedily selecting code-
words from the full space I, they instead select from all words in F'; with weight w. We

refer to these codes as constant weight lexicodes. Here, we will only consider the binary case,
so B is 2.

To construct a constant weight lexicode with weight w, length n, and Hamming distance d,
we look at all words of weight w with length n in order, and accept a word if it is has a
Hamming distance of at least d from all previously accepted words in the code. Here, the
distance d is necessarily even.

The game we consider here has parameters w and d = 2t > 4. The typical position of
this game can be represented as a set

{al,ag, ce ,aw}

of distinct nonnegative integers. A legal move is to decrease 1,2, ..., or t—1 of these integers
while keeping all integers in the set distinct. Because of the distinctness condition, we can
no longer easily describe these games using turning sets.

We now have the following theorem:

Theorem 9. For any d = 2t > 4 and any w, the losing code for the above game is the same
as the constant weight lexicode with the same d and w.

The proof of this theorem is analogous to the proof of Theorem 3, so we omit it.

For d = 2, the distance condition is automatically satisfied by the weight condition, so
the constant weight lexicode with length n, minimal distance 2, and weight w consists of all
length-n words with weight w.

The only other case for which we have a complete theory is d = 4. In this case, the game
that this code corresponds to is Welter’s Game.

Welter’s game is just the ¢ = 2 case of the game discussed above; here, a legal move is
to take one of the piles and decrease the number of objects in it while ensuring that all piles
have a distinct number of objects in them.

The solution to this game uses Welter’s function [Wel54], which can be defined recursively
as

W(G1> = ay,
Wi(ai,a2) = (as ® ay) — 1,
and

W<a1a ag, . .. >ak+l) - W<a27 as, ... 7ak) D [W<a17 ag, . .. >ak> D W(CL% as, ... aakJrl)] - L

Note that the —1 in the formula for Welter’s function is regular subtraction, not nim-
subtraction. Therefore, the definition of Welter’s function uses both nim-addition and regular
operations.
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Before we prove that the d = 4 code corresponds to Welter's game, we first prove the
following;:

Lemma 10. If W(ay,aq,...,a,) = n, and n' # n, there are unique nonnegative integers

/

ay,aly, ... al, such that

!/
w

/ /
A1, A2, .oy Qoyy Ay, Gy o v oy O
are all distinct and that
Wi(ai,asg,...,a,) =n

remains true if any even number of the letters ai,as,...,a,,n are replaced by the corre-
sponding primed letters. Additionally, an even number of the inequalities

/
/

ay < ag

!
Wy < Ay
n <n
are true.

Proof. We will prove this lemma by strong induction on w, the number of variables.
Before we begin, we state a fundamental property of nim-addition:

If z@y =25, and we are given a new value S’ # S, then setting 2’ = '@y and y =5 @«
yields the unique nonnegative integers for which

ryoy=.9
@y =9
ey =8
Additionally, an even number of the following inequalities are true:
<z
y <y
S < S.
To see this, observe that z @2’ =y dy = S & 5, so all three pairs differ in exactly the

same bit positions; let b be the highest such bit. For any pair (u,u’) differing at top bit b,
we have v/ < w if and only if bit b of u equals 1.

We now check how many of the three inequalities 2’ < z, ¥y < y, S’ < S actually hold,
by looking at bit b of z, y, and S individually. Since S = = & y, we know that bit b of S is
just bit b of x nim-added to bit b of y. There are only four possibilities for these two bits,
and we can check each one directly.

If x, = 0 and y, = 0, then S, = 0 as well, so none of the three inequalities hold. This means
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that an even number of these inequalities are true.

If z, =1 and y, = 0, then S, = 1, so both ' < z and S" < S hold, while 3’ < y does not.
Again, an even number of these inequalities are true.

If z, = 0 and y, = 1, then S, = 1, so both ¢/ < y and S’ < S hold, while ' < x does not.
Again, two of the inequalities hold.

Finally, if ; = 1 and vy, = 1, then S, = 0, so both 2/ < z and ¥’ < y hold, while &’ < S
does not. Again, two of the inequalities hold and we see that in every case, an even number
of inequalities are true.

We now proceed with the induction.

We start with the case w = 1.

By the definition of Welter’s function, W(a;) = a;. We are given that W (a,) = n, which
simply means a; = n. We are also given an n’ # n. Now, we need to find a unique a} for
which W (a)}) = n’, which implies that a] = n'.

Now, we have the equation W(a;) = n.
If we replace 0 variables, we get W (a;) = n, which is true.

If we replace 2 variables, we get W (a)}) = n’. Since a} = n’, this evaluates to n’ = n/, which
is true.

(a1
(a)

Now, we must check the inequalities @) < a; and n’ < n. Because a; = n and a}] = n/,
these two inequalities are the same. Therefore, they are either both true, or both false, so
the number of true inequalities is 0 or 2. In either case, an even number of these inequalities
are true, and this proves the base case for w = 1.

Now, we move to the case w = 2. By definition, W (ay, as) = (a1 @ az) — 1.
We are given W (ay, as) = n, which implies a; @ ay = n + 1.

Let S=n+1,s0 a; ®ay =S5. We are given an n’ # n. Let us define S" = n' + 1.
By the property of nim-addition stated above, there exist unique a} and a/, such that:

/ !
ay ®ay =29,
! !
ay ®ay, =5,
and
/ !

In every valid scenario, exactly two variables were replaced by their primed versions, satis-
fying the “even number of replacements” rule.

Now, the property of nim-addition guarantees that an even number of the inequalities
ay < ay, ay, < ag, and S’ < S are true. Because subtracting 1 from both sides does not
change the truth of an inequality, S’ < S is identical to n’ < n. Therefore, an even number
of the required inequalities are true and our lemma holds for w = 2.
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Now, we proceed with the inductive step. Assume the lemma holds for all sizes up to
w — 1. We will now prove it holds for w.
Using the recursive definition of Welter’s function, we let:

x=Wi(ay,ag,...,04,-1)
y=Wias,as,...,ay)
z=Wi(ag,az,...,0,-1)
The recurrence relation can now be written as
n=z@(zdy) —1).
Let S = x @ y. We can substitute this into our equation:
n=z&(S—-1).
Adding z to both sides (where the addition here is nim-addition), we can isolate S:
S=mndz)+1

Now, suppose we change n to n’. Because z depends only on the inner variables (which we
can consider constant for now), changing n to n’ forces a change in S to a new value

S'=n'®z)+1,
and S’ # S because n' # n implies n' ® 2z £ n & z.

Since x = W(ay,...,a,_1) and y = W(ay,...,a,) are Welter functions of size w — 1, the
fundamental nim-addition property applied to = @&y = S with the new value S’ produces
unique .y, and the inductive hypothesis converts each of the changes © — 2/ and y — ¢/
into a corresponding, unique change of the underlying variables a; — af. These determine
the unique primed variables a, ..., a,, asserted by the lemma, and tracking which letters are
replaced through the recursion shows that any valid substitution replaces an even number
of the letters aq, ..., a,,n.

Finally, we address the parity count, which is the delicate part of the argument. We can
look at this by seeing that the two size-(w — 1) Welter functions © = W(ay,...,a,-1) and
y = W(as,...,a,) act like two overlapping windows sliding along our list of variables. The
first window, x, watches coordinates a; through a,,_1, while the second, y watches a, through
a.. The two overlap on the middle coordinates as, ..., ay_1.

Each window carries its own even-parity guarantee from the inductive hypothesis. One
guarantee is for the inequalities

/ /
&1 <@1,...,aw_1 <a/w71
paired with 2’ < x, and the other is for
/ /
Ay < Aoy ...y Ay < Ay

paired with ¢ < y.
The fundamental nim-addition property supplies a third even count, this time among 2’ < =z,
y <y,and S" < S.
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Combining these three even counts is what forces an even number of the target inequali-
ties a} < ay,...,d,, < a,, n’ < n to hold. The subtlety of the argument here is that the
linking comparisons ©’ < x and ¢y’ < y, together with the shared middle coordinates, are each
seen by two of the three counts at once. In addition, one must also translate the comparison
S’ < S back into the comparison n’ < n that we actually want. We omit the details, and
refer the reader to [Wel54] for the full verification.

Therefore, by strong induction, the unique a variables exist, any valid substitution involves
an even number of primed letters, and an even number of the inequalities are true for all
w. [ |

We can now use this to prove the following theorem:

Theorem 11. (ay,as,...,a,) is a losing position for Welter’s game, or equivalently the
vector with 1’s in positions (a1, as, .. .,ay) is in the lexicode with constant weight w and
mainimal distance 4, if and only if

W(ai,as,...,a,) =0.

Proof. When the W-value of your position is some n # 0, we take n’ = 0. Since n’ =
0 < n, the inequality n’ < n is true. By Lemma 10, an even number of the inequalities

ay < ay,...,al, < ay,,n’ < n are true; as n’ < n is one true inequality, an odd (hence

> w
nonzero) number of the coordinate inequalities a, < a; must also be true. Thus there is at
least one i with a; < a;, and decreasing coordinate i to a; (adjusting an even number of the
accompanying letters to their primed values so that the W-value becomes n’ = 0) is a legal
move from a position with W # 0 to a position with W = 0. Conversely, from a position
with W = 0 no single decrease can reach another position of W-value 0, so every legal move

leads to W # 0.

For the converse, we show that a single legal move can never preserve the W-value; equiva-
lently, that Welter’s function is injective in each coordinate. Because a position is a set
of distinct nonnegative integers, W is well-defined regardless of the order in which we
list its arguments (see [Wel54]), so it suffices to show that for fixed as,...,a, the map
a; — Wi(ay,aq,...,a,) is injective.

We proceed by strong induction on w.

We start with the case w = 1. By definition,
W(CLl) = aq,

which is injective.

Now we move to the case w = 2. By definition,
W(al,ag) = (a1 D a,g) — 1.

For a fixed as, the map a; — a; @ as is a bijection of the nonnegative integers. Furthermore,
since the entries are distinct, a; # ao, which forces a; ® ay > 1; therefore subtracting 1
preserves injectivity, and the map is injective.
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Now, we proceed with the inductive step. Assume the claim holds for all sizes up to w — 1.
We will now prove it holds for w.

Using the recursive definition of Welter’s function, we let:
x=Wi(ay,ag,... 04, 1)
Yy = W(a27a37 s 7aw)
z=Wl(ag,az,...,au_1)-
The recurrence relation can now be written as
W(a17a27"'aaw) =z® [(I’@y) - ]‘] :

Here, z and y do not depend on a;, while x does. By the inductive hypothesis, x is injective
in a;. Additionally, the two size-(w — 1) tuples (a1, as, . .., ay_1) and (ag, as, . .., a,) differ in
exactly one coordinate, so by the inductive hypothesis their WW-values are distinct; that is,
x # 1y, and hence x @y > 1. Therefore (x @ y) — 1 is a nonnegative integer that is injective
in a1, and taking the nim-sum with the fixed value z preserves this injectivity. Thus W is
injective in a;, completing the induction.

We now return to the game. Suppose
W(ai,as,...,a,) =0,

and consider any legal move. Such a move decreases exactly one coordinate, replacing some
a; with a value @} # a; while keeping all entries distinct. By the injectivity of W in the j-th
coordinate, the resulting position has W-value # 0. Hence every legal move from a position
of W-value 0 leads to a position of nonzero W-value.

Combining this with the forward direction, the positions of W-value 0 are exactly the losing
positions, and the desired result follows. [ |

Outside of d = 4, the resulting codes have no general structure. There are, however, certain
special cases which we will look at in more detail.

Recall the Golay codes from the previous section: we know that the lexicode with mini-
mal distance 8 and length 24 is the extended [24, 12, 8] Golay code. If we break down the
weight of each codeword, we see that there are
1 codeword with weight 0,
759 codewords with weight 8,
2576 codewords with weight 12,
759 codewords with weight 16,
and 1 codeword with weight 24.

If we look at the constant weight lexicode with w = d = 8 and n = 24, a verification by
computer yields the following;:

Theorem 12. The words of the constant weight lexicode with w = d = 8 and n = 24 are the
blocks, or octads, of a Steiner system S(5,8,24).
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See Appendix A for the code used to verify the above result.

We have now obtained one of the Steiner systems that Mathieu studied [Mat73] . It is nat-
ural to ask whether we can produce the other one, namely, the S(5,6,12) system [Mat61].
The answer is yes, but to do so, we must add another restriction to our lexicode.

We define a constant weight lexicode with minimum sum to be a lexicode with minimal
distance d, weight w, length n, and minimum sum s. The conditions on the codewords are
the same for w, d, and n, but they have to satisfy an additional condition based on s.

Say a; is the value of the ith digit of a codeword; for a codeword to be considered valid, it
has to meet the weight, distance, and length requirements, while also meeting the following:

Here, addition is in the regular sense.

Now, we have the following theorem:

Theorem 13. The words of the constant weight lexicode with w = 6, d = 4, n = 12 with
minimum sum s = 21 are the blocks, or hezads, of a Steiner system S(5,6,12).

This theorem is also verified by computer; the code can be found in Appendix A. The game
that produces this code is known as Mathematical Blackjack; more details can be found
in [BCG82|. We also note that this Steiner system is closely related to the ternary Golay
code discussed earlier.

6. APPLICATIONS AND FURTHER READING

Lexicodes are not just a triviality; rather, they have a wide variety of applications. For exam-
ple, the Hamming codes that we discussed in earlier sections form the backbone of modern
error correction, and without them, modern digital communication would be heavily prone to
errors. The extended binary Golay code (and the very closely connected system S(5,8,24))
were used to ensure that the photos sent to Earth from Voyager 1 were not distorted or
misinterpreted, while the ternary Golay code has applications in quantum computing and
quantum error correction. The other Steiner system that we looked at, S(5,6,12), has
modern-day applications in cryptography.

There is of course much more to cover in terms of lexicodes and error-correcting codes. Re-
call that we spent some time looking at nim-addition and nim-multiplication; Conway covers
the details of those operations, as well as a different way of looking at lexicodes, in [Con90].
More details on error-correcting codes and their foundation can be found in [Hamb0|, and
one can look at the Steiner systems mentioned in this paper in [Wit3§].

In addition, there is still much more to be discovered about lexicodes. We have covered
the theory of lexicodes for bases that are powers of 2, but for other bases, the structure is
less clear. However, new progress is being made in this regard: Irie, in addition to helping
uncover the construction for the ternary Golay code, has also done work on the conditions
needed for base B lexicodes to be linear [Iri26]. This suggests that there may be more to
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discover about the structure of lexicodes with bases that are not powers of 2.

Ultimately, lexicodes and game theory give us another way to look at error-correcting codes,
and can help give us insight on how these codes work. As research into lexicodes continues,
it is entirely possible that we may end up discovering more fascinating results that help us
see the connections between game theory and error-correcting codes.
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APPENDIX A. PROGRAMS USED TO VERIFY THEOREMS

The programs used to verify Theorems 12 and 13, as well as part of Theorem 8, can be found
in the Github repository linked here. The programs in question were made using the help of
Claude Opus 4.8.

[BCGS2]
[ConT6]

[Con90]
[CS8&6]

[Gru39]
[Ham50]

[Iri26]

[Mat61]

[Mat73]
[MS77]
[Ple68]
[Spr35]
[Wel54]

[Wit38]
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