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Abstract

Sidorenko’s conjecture predicts that tg(G) > tg, (G)EUH! for ev-
ery bipartite graph H and every finite graph G. We introduce the
conjecture through homomorphism densities, prove the finite-host in-
equality for P3, Cj, and the complete bipartite graphs K, ,, and
characterize the bipartite hosts attaining each bound. We then for-
mulate the conjecture for graphons, prove the conjecture for all trees,
and apply three analytic methods: reflection positivity, which together
with the tree bound proves the conjecture for every even cycle; graph
norms; and entropy. A final section examines the limitations of these
methods on the open case K55 \ C1p and surveys the Forcing Conjec-
ture and the Common Graph Conjecture.

1 Introduction

1.1 Background and History

Random graphs serve as natural baselines for subgraph counts in extremal
graph theory. Given a fixed edge density p, Sidorenko’s conjecture posits that
the value attained in G(n, p) is a lower bound for the homomorphism density
of every bipartite graph. The conjecture is known for trees, even cycles, and
complete bipartite graphs [1], for hypercubes [16], and for bipartite graphs
with a vertex complete to the opposite part [10], but remains open for general
bipartite H. Blakley and Roy proved the case of paths through an inequality
for symmetric matrices with nonnegative entries [9]. Related questions arose



in the Turdn-type problems of Erdés and Simonovits [6], who later gave an
equivalent formulation in terms of supersaturation, asking how many copies
of H are forced once the number of edges exceeds the Turdn threshold [7].

Sidorenko stated and popularized the modern conjecture for bipartite graphs
in 1991 [1, 2].

1.2 Motivation and Applications

Homomorphism counts also occur outside extremal graph theory. Analo-
gous sums appear in the partition functions of statistical mechanics, and in
database theory counting homomorphisms is closely related to estimating
the output size of a multi-relation join [8], where bounds on such counts
inform the design of query algorithms. Below, we review homomorphism
densities and establish the conjecture for Ps, Cy, and K,,,. We then intro-
duce graphons together with reflection positivity, graph norms, and entropy,
proving in particular the conjecture for all trees and all even cycles.

1.3 Definitions and Statement of the Conjecture

Definition 1 (Graph homomorphism). Let H and G be graphs. A homo-
morphism from H to G is a map

¢:V(H)—V(G)

such that ¢(u)p(v) € E(G) whenever uwv € E(H). Homomorphisms need not
be injective, so nonadjacent vertices of H may share an image. For instance,
if H = Py has vertices a, b, c and edges ab,be, and xy € E(G), then both

(0(a), (), ¢(c)) = (x,y, 2) for any z € N(y) and (¢(a), (), ¢(c)) = (z,y, )

are homomorphisms.

Definition 2 (Homomorphism density). Let H be a pattern graph and G
a host graph. The homomorphism density ty(G) is the probability that a
uniformly random map ¢ : V(H) — V(G) is a homomorphism:

~ hom(H,G)
tn(G) = W’

where hom(H, @) is the number of homomorphisms from H to G.



Definition 3 (Edge density). Let G be a finite simple graph. Its homomor-
phism edge density is
hom(K,, G) 2|E(G)]
=1k, (G) = = :
P = Trer T vep
Conjecture 1 (Sidorenko, 1991). Let H be a bipartite graph and let G be
any finite graph. Then

ti(G) > ti, (G) P,

The exponent is explained by the Erdés—Rényi random graph G(n, p), in
which each possible edge is included independently with probability p. Any
injective ¢ : V(H) — V(G) is a homomorphism with probability exactly
plPUDI - and the proportion of noninjective maps tends to zero, so

E[tn(G(n,p))] — ", E[tx,(G(n.p))] — p.

The probabilistic method therefore supplies hosts G,, whose H-density is
no greater than the expectation above. Moreover, almost every graph in
the model has edge density close to p once n is large. Hence p/FUl is the
best lower bound one can hope for, and Sidorenko’s conjecture asserts that
no host of edge density p falls below it. The bipartite hypothesis on H is
necessary. If H = K3 and G is any bipartite graph with at least one edge,
then tx,(G) = 0 while tx,(G) > 0. When H = K, the inequality holds with
equality by Definition 3, since |E(K3)| = 1. The conjecture posits that this
lower bound persists for all bipartite H.

2 Elementary Cases of Sidorenko’s Conjec-
ture

We first establish part-respecting bounds for bipartite hosts G = (X,Y; F)
with fixed parts X and Y, and define the bipartite edge density

-
| X[1Y']

If H has specified parts A and B, we count only homomorphisms sending A
to X and B to Y, and write

X,Y o homX’Y(H, G)
ty (G) = LI
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for the resulting part-respecting density. The results below give tﬁ’Y(G) >
pL?(H”. Although the proofs are phrased for bipartite hosts, they already
imply the ordinary finite-host statement: Lemma 3 replaces an arbitrary
host by a bipartite graph having exactly the same relevant homomorphism
and edge densities. Let d(v) denote the degree of v, and for zy,..., 2, € X

let
N1, .. ) = ‘ﬂl’il N(x;)

denote the size of their common neighborhood in Y, so that Nn(z) = d(z).

2.1 Preliminary Inequalities
We record two standard moment inequalities:

Lemma 1 (Cauchy—Schwarz inequality). For any real sequences ay, ..., a,

and by, ..., b,,

Proof. For every real A we have Y, (a; — Ab;)* > 0, so this quadratic in A has

nonpositive discriminant. L]
Corollary 1 (Sum-of-squares form). For any reals ay, ..., a,,
n 1 n 2
2

Zzlaz > - (ZZI az> ,
with equality if and only if ay = --- = a,.
Proof. Take b; = 1 in Lemma 1, so that >_,b? = n. Equality there requires
(a;) and (b;) to be proportional. O
Lemma 2 (Power mean inequality). For any nonnegative reals ay,...,ay

and any integer k > 1,

N 1 N k
Zaf =z Nk—1 (ZGZ) :

=1 =1

For k > 2, equality holds if and only if a1 = --- = ay; for k = 1 the two
sides always agree.



Proof. The map t + t* is convex on [0, 00), so Jensen’s inequality gives

1 & R
k
-— a; > - a; s
vz (3 2)
and multiplying by N gives the statement. For & > 2 the map is strictly
convex, so Jensen’s inequality is strict unless the a; are equal. O

2.2 The Path P;

For P;, the homomorphism count reduces to the second moment of the vertex
degrees, so Corollary 1 applies directly.

Definition 4 (The path P;). Let P be the path on three vertices, with
center ¢ joined to leaves ¢; and fy (Figure 1), so |E(P;)| = 2. Set A = {c}
and B = {61,62}.

C

N

2 Lo
Figure 1: The path Ps: a center vertex joined to two leaves.

Theorem 1. Let G be a bipartite graph with parts X andY . Then tl).fg’Y(G) >
Pi;-

Proof. Let T = homy y(Ps, G), so that tf.i’y(G) = T/(|X]|Y|?), the denom-
inator counting the |X| choices for ¢ and |Y|* choices for the leaves. Each
x € X admits d(x) choices for each leaf, so

T=> d)
rzeX
Every edge has exactly one endpoint in X, whence }__ d(x) = |E|. Corol-
lary 1 with n = | X| and a, = d(z) therefore gives

2
EP? _ (ewl XY

and dividing by |X||Y|*> completes the proof. O
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2.3 A Worked Example

To illustrate, let X = {1, 29, 23,24} and Y = {y1, y2,¥3, ¥4}, and let G be
the graph of Figure 2, with edges

1~ Y1,Y2,Y3,Ya T2 ~ Y1,Y2 T3~ Ty~ Y2.

Here |E| = 8 and py,; = 8/16 = 1/2, so the bound is p, = 1/4. The degree

x1 Y1
Z2 Y2
z3 Y3
T4 Ya

Figure 2: The bipartite graph used in the P3; worked example.

sequence on X is (4,2,1,1), giving

1
_ 2 _ 42 2 2 2 _ XY _ 27~ _
T=> da)=+2+1"+1"=22, ;'(G) = SR04 > o
zeX
where |X||Y|* = 64 is the number of part-respecting maps. Because the
degree sequence is nonconstant, Corollary 1 is strict. If instead |E| = 8 and

every vertex of X has degree 2, then 7' = 16 and té’y(G) = 1/4, attaining
equality.

2.4 The Four-Cycle (C))

Next we consider the four-cycle, with bipartition {1, x2} and {y;,y2} as in
Figure 3.

Theorem 2. Let G be a bipartite graph with bipartite edge density py;. Then
tX,Y G > 4.
04 ( ) — pbl'

Proof. For u,v € X the quantity Nn(u,v) is the codegree of u and v. The
two vertices may coincide, and Nn(u,u) = d(u). A part-respecting homo-
morphism is a tuple (z1,y1, xe,y2) with cycle edges z1y1, Y122, Taya, Yo1.
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Y1

x1 Z2

Y2

Figure 3: The four-cycle Cy, with z1, x5 in one bipartition class and ¥, y» in
the other.

For fixed x1,29 € X the vertices y; and gy, are chosen independently from
the Nn(z1,x2) common neighbors, so

T= > Nu(ar,z)

T1,72€X

and Corollary 1 applied over X? gives

2
|X|2 ( Z Nﬁ x17x2> .

z1,x20€X

Let

S ={(z1,22,y) € X x X XY :2yy,29y € E}.
Counting S by the pair (z1, 72) gives S| = >, . -y Nn(21,22), while count-
ing by y € Y gives S| =3_ d(y)?, since z; and z, range independently
over the d(y) neighbors of y. A second application of Corollary 1, with
> ey dy) = |E|, gives >° y d(y)* > |E|*/|Y|. Hence

LERN: O IER
r= |X\2(|Y|) = IXpvE - P

and dividing by the number |X|?|Y|? of part-respecting maps completes the
proof. ]

2.5 Complete Bipartite Graphs (X, )

We now generalize these bounds to K,,,. The family includes both earlier
cases, since P3 = Ko and Cy = Ky .



Theorem 3. Let m,n > 1. Let G be a bipartite graph with parts X and Y
and bipartite edge density pv;. Then té}jn (G) > pm.

Proof. A part-respecting homomorphism is a tuple (z1,...,Zm, Y1, .-, Yn)
with z;y; € E(G) for all i,j. For fixed (x1,...,2,,) each y; is chosen inde-
pendently from the common neighborhood, so

T = Z Ne(z1, .o xm)™,

Tl m€X

the sum running over all | X|™ ordered tuples. Lemma 2 with N = | X|™ and
k =n gives

1 n
T > W( Z Nﬂ(xla'-'wrm)) .

Tl TmEX

Now count the tuples (z1,...,Z,,y) with y adjacent to every z;. Counting
by the z-tuple gives Nn(z1,...,x,,) choices of y; counting by y gives d(y)™
tuples, since each x; ranges independently over the neighbors of y. Hence

Z Nn(zy, .. 2p) = Zd(y)m,

L1,y m E€X yey

and Lemma 2 with N = |Y| and k = m gives

ny 1 C_lEe

yey yey

Combining,

o1 (EMN |
- |X|m(n—1) |Y|m—1 |X|m(n—1) ’Y’n(m—l)’

and dividing by the | X|™|Y|"™ unrestricted maps gives

XY |E|mn mn
i (G) 2 X[y [m i 0

The bipartite double cover transfers these part-respecting bounds to ar-
bitrary hosts.



Lemma 3 (Bipartite double cover). Let H be a bipartite graph with fized
bipartition AU B. Given a finite graph G, let Bg be the bipartite graph with
parts X =Y = V(G) in which x,, € X is adjacent to y, € Y exactly when
w € E(G). Then

poi(Ba) =i, (G)  and  ty" (Bg) = tu(G).

Proof. Every edge of G produces the two cross-edges z,y, and x,y, in Bg,
so pui(Bg) = 2|E(G)|/|V(G)|* = tk,(G). Sending each vertex of A to its
copy in X and each vertex of B to its copy in Y is a bijection between
homomorphisms H — G and part-respecting homomorphisms H — B, and
the normalizing denominators agree. [

Theorems 1, 2, and 3 therefore yield the finite-host Sidorenko inequality
for their respective patterns.

2.6 Equality Cases

Each theorem above applies Lemma 2, and the resulting equality conditions
separate P3 sharply from the other cases.

Proposition 4. Let G = (X,Y; E) be a bipartite graph with |E| > 0, and
let m,n > 1.

(1) Equality holds in Theorem 3 if and only if Nn(x1,...,Zm) i constant
on X™ and, when m > 2, d(y) is constant on Y .

(i1) For m = 1, condition (i) states that G is reqular on the X side. In
particular, equality holds in Theorem 1 exactly when d is constant on

X.

(11i) For m,n > 2, condition (i) forces G to be the complete bipartite graph
on XUY, sopy = 1. In particular, the bound of Theorem 2 is attained
only by the complete bipartite host.

Proof. The proof of Theorem 3 applies Lemma 2 twice, the second time com-
posed with an increasing function of its output, so equality requires equality
at both steps. By Lemma 2 this means N is constant on X™ and, when
the second exponent m is at least 2, that d is constant on Y. This is (i),
and (ii) follows since Nn(z) = d(x) and the second application has exponent



k = 1. For (iii), let m > 2 and suppose N is constant on X™ with value
c. Evaluating on (z,z,...,z) gives d(x) = ¢ for all z € X. Evaluating on a
tuple with first entry z; gives |[N(x1) NN N(x,,)| = ¢ = |N(z1)], so the
intersection is all of N(z1) and hence N(x;) C N(z;) for each i. As the tuple
was arbitrary, all vertices of X share a neighborhood N C Y with |N| = c.
Then d(y) = | X| for y € N and d(y) = 0 otherwise, so constancy of d on Y
forces N =Y. ]

Equality for Ps thus requires only regularity on one side, which the com-
parison graph of Section 2.3 satisfies, whereas for C; and the larger complete
bipartite patterns it determines the host completely. The Forcing Conjec-
ture of Section 4.2.1 is the approximate form of this dichotomy. This exact
statement is finite and part-respecting: for Cjy, equality in the bipartite in-
equality at positive density forces pp; = 1. It does not conflict with the
asymptotic statement in Section 4.2.1. There, quasirandom graph sequences
of any limiting density p € (0,1) have t¢,(G,) — p* without any individual
finite host attaining equality. Thus exact equality is substantially more rigid
than asymptotic near-equality.

3 Analytic Methods

We now formulate the conjecture for graphons and develop three analytic
methods: reflection positivity, graph norms, and entropy. Besides recover-
ing cases from Section 2, the graphon framework proves the conjecture for
all trees and lets reflection positivity handle every even cycle. Section 4.1
compares the directions in which the methods extend.

3.1 Graphons and their Continuous Formulation

In graphon language homomorphism densities become integrals, and inequal-
ities such as Cauchy—Schwarz apply without discrete approximation. A
graphon is a symmetric Lebesgue-measurable function W : [0, 1]* — [0, 1] [4];
the standard reference is Lovész [5]. A graphon is a measurable analogue of
an adjacency matrix, with W (zx, y) playing for points z,y € [0, 1] the role that
the (7, j) entry plays for vertices ¢ and 7, interpreted as the probability of an
edge between the sampled vertices. For finite graphs the correspondence is
exact: if G has vertices vy, ..., v,, partition [0, 1] into intervals Iy, ..., I, of
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equal length and define the step graphon

1, ifxel;, yel;, and vu; € E(G),

Weal(z,y) =
o(2,9) 0, otherwise.

Choosing a uniform point of I; is equivalent to choosing v;, so tg(Wg) =
ty(G) for every finite H. Graphons also describe limits of sequences of in-
creasingly large dense graphs; Figure 4 shows adjacency matrices sampled
from a single graphon at three sizes, with rows and columns ordered by the
underlying point of [0, 1], and the block pattern stabilizes as n grows even
though the individual entries remain random. Choosing independent uni-

Discrete adjacency matrices converging to a graphon W(x,y) as h— «

=300

Figure 4: Three adjacency matrices sampled from a fixed graphon, at n = 15,
60, and 300.

form points z,y € [0,1], the edge is present with probability W (z,y), so
integrating gives

p =ty (W) = E[W(z,y)] = / / W (x, ) da dy,

in agreement with Definition 3. More generally, let V/(H) = {1,...,k} and
choose independent points x1,...,z; € [0,1]. The edge ij € E(H) then
occurs with probability W (x;, z;), and the edge events are conditionally in-
dependent, so every edge of H occurs with probability [] (H) W(x;, x;).
Integrating defines

ijelk

tyg (W) ::/ ) H W(x;, xj)dzy - - - day,
[0,1]

ijEE(H)
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which generalizes the finite density ¢4 (G).

Remark 1 (Multigraph convention). If H is a multigraph, the product is
taken with multiplicity, so an edge appearing r times contributes W (z;, z;)".
This is needed in Section 3.3, where gluing labeled graphs can create parallel
edges.

In graphon terms, Sidorenko’s conjecture states that for every bipartite
H and every graphon W,

Jo

This statement is already in arbitrary-host form, so the bipartite bookkeeping
of Section 2 is not needed below.

|E(H)]
W(ws, x5) doy -+ dry > ( W(zx,y)dx dy) .

ijEE(H) [0,1]?

3.2 Trees

The tree case needs a little more information than the total density of a
smaller tree: one must retain how rooted copies are distributed. The follow-
ing change of measure does exactly that.

Theorem 5 (Trees). If T is a tree with e edges and W is a graphon of edge
density p, then
tr(W) = p°.

Proof. Write d(z) = fol W (z,y)dy. The claim is immediate when p = 0, so
assume p > 0 and root T at a vertex r. Define a random map (Xv)UEV(T)
into [0,1] as follows. Choose X, with density d(z)/p. Once X, = z has
been chosen, choose each child v of u, independently given its parent, with
conditional density

Points with d(x) = 0 occur with probability zero, so the construction is
well defined. Symmetry of W shows inductively that every X, has the same
marginal density d(z)/p: if this holds for a parent, then the density of its
child at y is
1
dlz) W d
JECLCY P
0

p d(z) p
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Let ¢ be the joint density of this random map and put

F(x) = H W (zy, ), so that tr(W) = /F(X) dx.

wveE(T)

Then d(z,) w( )
q(x) = ) 11 d(x;) :

uU—v

and hence, on the support of ¢,
F(x oo (v)—
q veV(T)

Jensen’s inequality for the concave logarithm now gives
F
logtr(W) = log E, {—}
q
F
> E, [log —]
q

= logp + Z (degT(v)—l)%/O d(x)logd(x) dx.

veV(T)
The convexity of z — zlog z, with 0log0 = 0, yields

1 /1
—/ d(x)logd(x)dz > logp.
P Jo
Finally, because T is a tree,
> (degp(v) = 1) =2¢— [V(T)| = - L.

veV(T)

Therefore logtr(W) > elogp, which is equivalent to the desired inequality.

3.3 Reflection Positivity

Reflection positivity generates Cauchy—Schwarz inequalities for graphon den-
sities from positive semidefinite matrices. Let I’ be a graph with some ver-

tices labeled 1,. .., k, and for fixed z1,...,z; € [0,1] let

fF(LL‘l, Ce ,$k)
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denote the integral defining tz(1W) with the variables at labeled vertices
held fixed and only those at unlabeled vertices integrated. If F; and F,
carry the same labels, let F} x F, be obtained from their disjoint union by
identifying vertices with the same label, retaining edge multiplicities and
reading densities through Remark 1. Fubini’s theorem gives

trar (W) = [ (%) fr(x) dx.

[0,1]*

Lemma 4 (Reflection positivity). Let W be a graphon and let F, ..., F, be
graphs with the same k labeled vertices. Then the r X r matriz

]\4-1‘7 = tFi*Fj (W)

is positive semidefinite. In particular every 2 x 2 principal minor is nonneg-
ative, giving

trar,(W)? < trum (W) teym (W).
Proof. For cy,...,c, € R the Fubini identity gives
T T 2
Z CiCjMij = / Zcifpi (X) dx 2 0,
ij=1 0.1% \'i=1
so M is positive semidefinite and its principal minors are nonnegative. [
A single 2 x 2 minor now recovers Theorem 2.

Theorem 6. For every graphon W with edge density p,
tC4(W) > tPS(W)Z > p4-

Proof. Let F' be a path of length two with labeled endpoints, so that

frla,z) = / W (e, )W (y. =) dy.

Gluing two copies of F' identifies the endpoints and leaves the middle vertices
distinct, so F'x F' = C4 with no parallel edges, and

te, (W) = fr(x,2)*dodz.

[0,1]2
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Let Fy carry the same two labels and no edges, so fr, = 1. Then tp,p (W) =
[ fr=1tp,(W) and tpr (W) = 1, so the minor of Lemma 4 for F and Fj is

(i) 1),

whose nonnegative determinant gives t¢, (W) > tp,(W)? Writing

degy (y) ::/O W(z,y)dx

for the graphon degree function, Jensen’s inequality gives

tmwwi[@%wfwz(lh%mwwfzﬁ,

and combining the two bounds gives ¢, (W) > p?. O
The same reflection step proves the whole family of even cycles.

Theorem 7 (Even cycles). For every integer k > 2 and every graphon W
of edge density p,
tc% (W) > p%'

Proof. Let P, be the path of length k& with its two endpoints labeled, and
let fp,(x,z) be its rooted density function. Two copies of Py glued at both
labeled endpoints form (Y, so the Fubini identity gives

to, (W) = fp,(z,2)*drdz.

[0,1]2

Applying the reflection-positivity inequality against the edgeless graph with
the same two labels, or equivalently applying Cauchy—Schwarz over the pair
(x,z), gives

mwmz( tmw@mmfzmmw.

[0,1]?

Since P, is a tree with k edges, Theorem 5 gives tp, (W) > p*. Therefore
thk(W> Z ka. ]
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The case k = 2 recovers Theorem 6. The proof illustrates why one should
reflect across both endpoints at once: attempting to remove the path one
edge at a time would require normalizing the weight W (z, y) dy, which is not
generally a probability measure.

Gluing labeled graphs thus corresponds to an inner product on rooted
density functions, with Lemma 4 encoding the associated Cauchy—-Schwarz
inequalities. For Cj the matrix is 2 x 2 and the analytic content is the step
already used in Section 2.4; for Cy; the same construction uses a longer path
as the reflected piece.

3.4 A Graphon Proof for Complete Bipartite Graphs

Theorem 8. For every graphon W with edge density p and all positive in-
tegers m,n,

,Tm) € [0, 1]™ set

/ HW x;,y) dy,

the common-neighborhood measure of x4, ..., x,,. The same two Jensen steps
used in Theorem 3 now run directly over [0, 1]™. Indeed, Fubini’s theorem
gives the middle identity below, and hence

Proof. For x = (z1, ...

> ([07/;:7” A(x) dx) '
= (/01 degy, (y)™ dy) :
> ( /0 1 degy (y) dy) T pm"

[]

The case m = n = 2 agrees with Theorem 6. Evaluating on a step
graphon recovers the discrete result.

16



Corollary 2. For every finite graph G and all positive integers m,n,

Proof. Apply Theorem 8 to W and use tg(We) = ty(G). O

The graphon route reaches this without the intermediate bipartite host
of Lemma 3, since degy, already plays that role. The equality conditions
mirror the discrete case. Both applications of Jensen’s inequality are strict
unless the function being averaged is constant, so equality in Theorem 8
forces degy, to be constant almost everywhere, hence equal to p, and forces
A(x) to be constant almost everywhere. These are the continuous forms of
the two conditions in Proposition 4(i): the degree is the same at every point,
and the common neighborhood of m points has the same measure wherever
those points lie. The constant graphon with value p satisfies both.

3.5 Graph Norms

A second method replaces the counting identity with a norm inequality.
Throughout this subsection U denotes a symmetric measurable function
[0,1]* — R, not necessarily valued in [0,1], with ¢5(U) given by the same
integral as before.

Definition 5 (Norming and weakly norming graphs). For a graph H with
e(H) edges, set
1/e(H
U = [ (0)].
Then H is norming if || - || is a norm on the space of all such U, and weakly
norming if it is a norm on the cone of nonnegative U.

Proposition 9. Let H be weakly norming. Then tg(G) > tg,(G)U) for
every finite graph G.

Proof. The statement is due to Hatami [16]. Two properties of || - ||z are
used. The first is homogeneity: replacing U by cU for ¢ > 0 multiplies
each of the e(H) factors in the integrand by ¢, so ty(cU) = ¢ty (U) and
|lcU|lw = ¢||U|lz. The second is the triangle inequality, which holds on
nonnegative kernels precisely because H is weakly norming. Let G have N
vertices vy, ...,vy and at least one edge, let p = tx,(G), and let I, ..., Iy
be the intervals defining W¢. For a permutation 7 of {1,..., N} let W™ take
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the value 1 on I, x I, when vr(q)v-) € E(G) and 0 otherwise. Translating
each I, onto I, carries Wg to W™, so the two differ only by a renaming of
the integration variables and

tr(W7™) =tr(Wg) = tr(G)

for every graph F’; in particular [|[W™|x = |[Wg|[n. Set W == 3" W™ and
fixx € I,,y € I,. If a # b then (7(a),n(b)) is a uniformly random ordered
pair of distinct indices, so

e 2|E(G)|

%4 = =
while if @ = b then vy(s)vUx(,) is never an edge and W(z,y) = 0. Hence
W = qWkg,, where Wi, is the step graphon of the complete graph on N
vertices. The triangle inequality followed by homogeneity gives

]' ™ ™
IWellm =55 2oVl > || YW

Since ¢ = 2|E(G)|/(N(N —1)) > p, raising this inequality to the power e(H)
yields

=Tl = at (1) e,

tn(G) > ¢“Pig(Ky) > piy(Ky). (1)
To remove the factor t(Ky), let G|m| be obtained from G by replacing each
vertex with m copies and joining two copies exactly when the original vertices
are adjacent. Distinct copies of one vertex are left nonadjacent, consistent
with G having no loops, so G[m] has the same step graphon as G; hence
tr(Glm]) = tp(G) for every F, and G[m] has edge density p. Applying (1)
to G[m], which has mN vertices, gives

tu(G) = tu(GIm]) > p“™M ty(Kuy)

for every m > 1. Every injective map V(H) — V(K}y) is a homomorphism,

SO
[V(H)|-1 .
M(M~—-1)---(M—|V(H)|+1) i
ty(Ky) > v = 11 (1-5) — 1
as M — oo, and letting m — oo gives t5(G) > p), O

Hatami applied this framework to the hypercube case cited in Section 1.1,
showing that hypercubes are norming [16]. The argument yields no equality
information, since it compares W¢ only with a large complete graph.
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3.6 Entropy Methods

Entropy methods bound homomorphism counts through the information con-
tent of a random homomorphism. All logarithms are base 2, and for a random
variable Z with finitely many values the Shannon entropy is

Z Pr[Z = z]log Pr[Z = 2].

Lemma 5 (Uniform bound and chain rule). Let Z, Zy, Zy take finitely many
values.

(E1) If Z takes values in a finite set S, then H(Z) < log|S|, with equality
exactly when Z is uniform on S.

(E2) H(Z1,Zy) = H(Zh) + H(Z | Z4).

Property (E1) is used below in both directions: to bound the size of a set
from the entropy of a variable supported on it, and to cap the entropy of a
single choice by the number of options available.

Theorem 10 (Entropy form of Theorem 1). Let G = (X,Y; E) be bipartite
with |E| > 0. Then t3" (G) > p.

Proof. Let S be the set of part-respecting homomorphisms P; — G with
center in X, and T' = |S|. Choose an edge of G uniformly at random with
endpoints A € X and By € Y, then choose By uniformly from N(A), inde-
pendently of By given A. Every outcome lies in S, so (E1) gives

10gT Z H(A7 Bl, Bg),
and (E2) applied twice gives
H(A, By, By) = H(A) + H(B: | A) + H(B> | A, By).

Given A = z, each of By and B is uniform on the d(z) neighbors of z,
and Bj is conditionally independent of B;. Writing ¢, := d(x)/|E| for the
distribution of A,

zeX

H(4) = log| B - 3" g, log d(

reX
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Indeed, expanding the definition of entropy and using ¢, = d(x)/|E| gives

H(A) == g.logg

rzeX
d(x))
= - Qx 10g<_
N
zeX reX
=log|E| - ) _ g logd(x).

zeX

Adding the three entropy terms leaves

H(A, By, By) = log |E| + Z q. log d(z).

zeX

Applying (E1) to A, which takes values in X, gives H(A) < log|X|, and
substituting the expression for H(A) yields

> qulogd(z) > log|E| —log|X|.

zeX

Hence H(A, By, By) > 2log |E| —log|X]|, so T > |EJ*/|X|, the bound ob-
tained from Corollary 1 in Theorem 1. Dividing by |X|[Y']? and substituting
|E| = pui| X||Y] gives the result. O

This proof has the shape of every entropy argument for the conjecture: the
homomorphism is built one vertex at a time along a chosen order, the chain
rule splits its entropy into one term per vertex, and each term is bounded
by the options available at that step. Unlike the moment inequalities of
Section 2, the scheme requires no moment structure in the count, only a
vertex whose conditional distribution can be controlled. Conlon, Fox, and
Sudakov used that freedom to prove Sidorenko’s inequality for every bipartite
graph with a vertex adjacent to all vertices of the opposite part, sampling
that vertex first and bounding the conditional entropies of the remainder [10].
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4 Scope, Open Problems, and Further Direc-
tions

4.1 Scope and Limitations of the Methods

Sections 2 and 3 supply four methods: the moment inequalities of Cauchy—
Schwarz and the power mean, reflection positivity, graph norms, and entropy.
Comparing them on a single graph shows how different their structural re-
quirements are. The underlying difficulty is that edges in a host graph need
not behave independently. In a random graph one edge gives no information
about its neighbors, while in a structured graph the conditional edge proba-
bilities vary across regions, so dense regions carry many homomorphisms of H
and sparse regions few. Each method is a way of showing that the surplus out-
weighs the deficit. The moment inequalities prove the examples of Section 2
because those counts reduce to moments: »_ d(x) for P3, 37 Nn(x1,72)°
for €4, and a higher moment of common-neighborhood sizes for K, ,,. A gen-
eral bipartite pattern need not have a count of this form. Reflection positivity
replaces a direct count with the matrix of Lemma 4. Proving a new case re-
quires labeled pieces whose gluing produces the target and whose matrix
inequalities reduce its density to quantities already bounded. Symmetry of-
ten suggests useful pieces but does not supply the inequalities. Graph norms
require tgy to define a norm, which by Proposition 9 suffices but is a strong
hypothesis on H and can fail. Entropy uses concentration instead. A vertex
adjacent to a large portion of the opposite part can be sampled first, as in
Theorem 10, and used to bound the conditional entropy of the remaining
choices. The graph K35 \ Cio exhibits all four limitations. It is obtained by
deleting a Hamiltonian cycle from K55, has ten vertices, and is 3-regular;
it is neither tree-like nor complete bipartite, and has no vertex complete to
the opposite part. Conlon and Lee identify it as the smallest open case and
prove the conjecture for its square [11]. Rossman gives a conditional spectral
approach to bipartite Mobius ladders: a conjectured monotonicity property
for an associated matrix spectrum, in a particular parameter case, would
imply Sidorenko’s conjecture for the family [19]. Each method meets an ob-
struction here. Its count is not a single common-neighborhood moment, so
the argument for K,,, does not transfer. It has no vertex complete to the
opposite part, so the Conlon—Fox—Sudakov scheme has no distinguished first
vertex. Its symmetry does not by itself produce labeled combinations reduc-
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ing its density to controlled quantities. Finally, Lee and Schiilke showed that
K55\ Cyo is not weakly norming [17], ruling out Proposition 9. Only this
last obstruction is a theorem about the graph; the first three concern the
particular arguments given here rather than the methods in general.

4.2 Related Conjectures

Several related problems concern the structure of graphs that nearly attain
the Sidorenko bound.

4.2.1 The Forcing Conjecture

First posed as a question by Skokan and Thoma [13] and later formalized
by Conlon, Fox, and Sudakov [10], the Forcing Conjecture asks which hosts
can come close to the bound, a question Sidorenko’s conjecture leaves open.
Quasirandomness formalizes asymptotic similarity to a random graph.

Definition 6 (Quasirandomness). A sequence of graphs G,, with |V (G,,)| —
oo and tg,(G,) — p is quasirandom of density p if tc,(G,) — p*.

Chung, Graham, and Wilson showed this single condition equivalent to
ty(G,) — pPEI for every H, and to several further properties of random
graphs [12]. Quasirandomness is therefore the statement that a sequence
meets the Sidorenko benchmark for all patterns simultaneously.

Trees show why any forcing statement must impose a cyclic hypothesis.
Let T be a tree and G a d-regular graph on n vertices, with p = d/n. Ordering
the vertices of T' from a root so that each has its parent already placed gives
n choices for the root and d for each of the remaining |V(T')| — 1 = |E(T)|
vertices, so hom (T, G) = n d'P™! and

n JIE@)
tr(G) = VO p!FO,

Every regular graph therefore sits exactly at the tree benchmark. For a
concrete failure, let G,, be a disjoint union of k cliques of size n/k. Its edge
density tends to p = 1/k and it is regular, so t(G,,) — pE@) for every tree
T; but a homomorphic image of Cy must lie inside a single clique, giving
to,(Gn) — k=2 = p? rather than p?.
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Motivated by this obstruction, a bipartite graph H containing a cycle is
forcing if, for every p € (0, 1), every sequence G, with

tK2<Gn) —p and tH(Gn> N p|E(H)|

is quasirandom. The Forcing Conjecture asserts that every bipartite graph
containing a cycle is forcing.

4.2.2 The Common Graph Conjecture

A graph H is common if the number of monochromatic copies of H in a 2-
coloring of the edges of a large complete graph is asymptotically minimized
by a uniformly random coloring. Identifying a coloring with a graphon W
and its complement 1 — W, this says

tg(W) +tg(1—W) > 2B

for every graphon W, the right side being the value at W = % The notion
goes back to a 1962 conjecture of Erdos that all complete graphs are common,
extended to all graphs by Burr and Rosta [14]. Both were disproven, the
first by Thomason, who showed K} is not common [15], and the second by
Sidorenko, who showed a triangle with a pendant edge is not common [3].
Every Sidorenko graph is common: with p = tx, (W), applying the inequality
to W and to 1 — W, whose edge density is 1 — p, gives

tg(W) +tg(1 = W) > plBUEDL (1-— p)IE(H)I > ol=IBUD]

the second step being Corollary 1 in power-mean form, minimized at p = %

Whether every bipartite common graph satisfies Sidorenko’s conjecture is
open [20], and the discrepancy hinges on the number of colors. Call H
k-common if the number of monochromatic copies of H in a k-coloring
is asymptotically minimized by a uniformly random coloring. Kral, Noel,
Norin, Volec, and Wei proved that a bipartite graph satisfies Sidorenko’s
conjecture if and only if it is k-common for every k [18], so a bipartite coun-
terexample would be common for two colors but not for all.

4.3 Algorithmic Considerations

In database theory, homomorphism counts govern relational join sizes, and
exact subgraph counting in large graphs is typically intractable, so algorithms
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rely on density approximations. Atserias, Grohe, and Marx bound the out-
put size of a multi-relation join from above in terms of the fractional edge
cover number of the query hypergraph, and their bound is tight in the worst
case [8]. Sidorenko’s conjecture supplies the complementary estimate, a lower
bound on the number of homomorphisms of a bipartite pattern in terms of
edge density alone. Upper bounds rule out large outputs, while lower bounds
rule out small ones and help a planner decide whether a subquery is worth
materializing.

4.4 Concluding Perspective

Sidorenko’s conjecture characterizes the local subgraph counts forced by a
global edge-density condition. Degree moments and common-neighborhood
moments already establish the conjectured bound for several basic families,
and Proposition 4 shows that for all but the smallest of them the bound
is attained only by the complete bipartite host. The graphon formulation
places these arguments in an analytic setting. Reflection positivity, graph
norms, and entropy apply under different structural hypotheses, but none of
the arguments presented here resolves the same ten-vertex graph. Extending
these ideas to all bipartite graphs remains a central open problem.
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