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§1 Introduction

Mathematicians have proved that you cannot comb all the hairs on a hairy ball flat without creating a cowlick, and this
is called the Hairy Ball Theorem. Differential topology studies smooth manifolds using local Euclidean coordinates, and
analyzes non-trivial spaces using global invariants. This bridges the gap between local linear analysis on Euclidean spaces
and global topological constraints. By studying local behavior of smooth functions, we can find new invariant properties
of spaces. Local properties like derivatives and tangent spaces can be computed using coordinate charts, but the entire
structure of a manifold imposes restrictions on local neighborhoods. An example of this is the behavior of smooth vector

fields on manifolds, as many of their properties are constrained by the geometry of manifolds.

This paper investigates the Poincaré-Hopf Theorem and the theorems and invariants leading up to it. This theorem estab-
lishes an identity between the sum of local indices of the zeros of a vector field and the Euler characteristic of a compact
manifold using local analysis of differential equations to form algebraic invariants. We first define the structure of smooth
manifolds, charts, and tangent spaces, which then allows us to define derivatives and critical points rigorously. Using these
concepts, we introduce the Inverse Function Theorem, diffeomorphism, and Sard’s Theorem, which provide the analytical
tools needed to study local behavior and regular values of smooth maps. We can construct a homotopy on these spaces
and create an invariant relating preimage of regular values to modulo 2. We then develop smooth homotopies and smooth
isotopies, proving the Homotopy Lemma and the Homogeneity Lemma, which establish the invariance properties needed
in the study of vector fields and their indices. We next define orientations of manifolds to define the degree of a map, which
intuitively measures how many times an oriented manifold wraps around another. This turns out to be another invariant,
leading to many topological consequences, notably helpful in the proof of the Poincaré—Hopf Theorem. By applying these
topological invariants to smooth vector fields on a manifold, we define the indices of isolated zeros and prove that they
are invariant under diffeomorphisms. These results provide the final ingredients needed to establish the Poincaré—Hopf
Theorem. We conclude by presenting two applications of the theorem: the Hairy Ball Theorem and the result that every

compact odd-dimensional manifold has Fuler characteristic zero.

§2 Manifolds

2.1 Smooth Manifolds

A manifold is a topological space that locally resembles a Euclidean space. A manifold M is a Hausdorff, second-countable
space in which every point p on M admits an open neighborhood U C M that is homeomorphic to an open subset of R”

via ¢. It has dimension n if the Euclidean space it locally resembles is of dimension n.

We can define these local neighborhoods using charts, which assign coordinates to points on M. A chart (U,¢ : U — R")
is centered at p € U if ¢(p) = 0.

Rn
¢(U_)

Figure 1: A chart (U, ¢) mapping an open neighborhood U € M onto an open subset ¢(U) c R".
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Figure 2: Transition maps between two overlapping charts (U, ¢) and (V, ¢).

If point p lies in U NV, the maps (U, ¢) and (V, /) may map p to different coordinates in R”. The functions that maps the
coordinates of ¢(p) to ¥ (p) are called transition maps. Since these transition maps are composed of homeomorphisms,

transition maps are invertible bijections.

Two charts (U, ¢ : U = R") and (V, ¢ : V — R") of a topological manifold M are C*-compatible (also called compatible)
if charts
poy i Y(UNV) > d(UNV), Yod l:¢p(UNV)—yUNV)

are smooth’ (infinitely differentiable).

A collection of charts {(Uy, ¢,)} that covers the whole manifold (M = |J, Uy) is called an atlas. An atlas is said to be
maximal if it is not contained in a larger atlas (if 2 contains I, then U = IM). An atlas where every chart in the atlas
is smoothly compatible with all other charts in the atlas is called a maximal smooth atlas. A smooth or C* manifold is a

topological manifold M equipped with an maximal smooth atlas.

Lemma 1. Let {(Uy, ¢o)} be an atlas on a locally Euclidean space. If two charts (V, ) and (W, o) are both compatible
with the atlas {(Uy, ¢o)}, then they are compatible with each other.

([ _— > 0 —> [ J
‘//(P) ¢a ° l//—1 ¢Q(P) oo ¢;1 U(p)

Figure 3: Compatibility of two charts (V, ) and (W, o) via an atlas.

“?smoothly” and C* are used interchangeably
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Proof. Let p be an arbitrary point in the intersection V N W. Since {(U,, §»)} is an atlas, there is some chart containing p
such that p lies in the intersection VN W NU,,. Because both (V, 1) and (W, o) are compatible with the atlas, the transition

maps ¢, o ! and o o ¢! are smooth (C*). Then we can express the transition map as

goy T =(co¢.) o (daoy)

Since the composition of smooth functions is smooth, o o /! is C* at 1/(p). Because p € V N W was chosen arbitrarily,
o o ! is smooth on entire 1/(V N W). We can also say / o 6! is smooth on o(V N W), meaning (V, ) and (W, o) are
smoothly compatible. O

I Theorem 2. Any atlas W = {(Uy, ¢o)} on a locally Euclidean space is contained in a unique maximal atlas.

Proof. Let Al be the set of all charts compatible with the atlas 2. By 1, because any two charts in W are compatible with the
atlas U, they must be compatible with each other. Thus, AU is a valid atlas, and by definition, it’s the unique maximal atlas

containing . O
Thus, the C* compatibility of charts in an atlas is independent of the choice of charts, thus well-defined.

2.2 Mappings Between Smooth Functions

Once smooth manifolds have been established, we can use charts to extend the notion of differentiability from Euclidean
spaces to manifolds. This allows us to define smooth functions and smooth maps independent of the charts chosen. These

mappings allow us to do calculus on manifolds.
Smooth maps generalize differentiability from Euclidean spaces to manifolds through local coordinate charts.

Definition 3. A function f : M — R on a smooth manifold M is smooth at p € M if there exists a chart (U, ¢)

containing p such that
fogl:p(U)cR* >R

is smooth, independent of the chosen chart.

More generally, let F : N — M be a continuous map between smooth manifolds. The map F is smooth if, for every p € N,
there exist charts (U, ¢) around p and (V,¢) around F(p) such that

YyoFogdp l:¢p(UNF (V) —» R™
is smooth, independent of the chosen chart.

These properties follow:

« The composition of smooth maps is smooth, and every coordinate map ¢ : U — $(U) c R”" is a diffeomorphism’

onto its image.
« Any diffeomorphism from an open subset of a manifold to an open subset of R” defines a valid chart.

We can check smoothness by examining components. If F = (Fy,..., F,) : N — R™, then F is smooth if and only if each

component function F; : N — R is smooth. Likewise, for maps between manifolds, we just need to verify that components

A diffeomorphism is a smooth bijection with a smooth inverse
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Figure 4: The local coordinate representation f o ¢! of a smooth function f : M — R.

of F with respect to local charts on the target manifold are smooth.

§3 Tangent Space of Manifolds

3.1 Tangent Spaces and Tangent Vectors

Smooth maps allow us to examine the relationships manifolds, but understanding the geometry of a manifold also requires
describing directions and speed. In Euclidean space, these directions are represented by vectors. On a manifold M, however,
there is no coordinate system on which vectors can be defined directly. Instead, we can use smooth functions to construct

a mapping between a manifold and a Euclidean space at point p € M, leading to the notion of the tangent space at a point.

M

f)

Figure 5: Smooth functions and local charts used to define the tangent space at a point on a manifold.

We define a germ of a smooth function at p € M to be an equivalence class of smooth functions defined in a neighborhood

of p € M, two such functions being equivalent if they agree on some smaller neighborhood of p.
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A derivation at a point on a manifold M to be a linear map D : C;’(M) — R, where C;’(M) is defined to be the space of
smooth functions at point p on M, such that for any f,g € C;’ (M),

D(fg) = D(f)g(p) + f(p)D(9).

A tangent vector at a point p in a manifold M is a derivation at p. A vector space T,M is formed by the tangent vectors at p.

Another way of looking at tangent spaces is through the differential. We first associate with each point x on a smooth
manifold M ¢ R¥ a linear subspace T, M c R¥ of dimension m called the tangent space of M at x. Then differential d f, will
be a linear mapping from T, M to T,N, where y = f(x). Elements of T, M are called tangent vectors to M at x.

3.2 Derivatives

Having introduced smooth manifolds, charts, and smooth functions, we now define derivatives on manifolds. Since a
manifold is not, in general, a vector space, derivatives cannot be computed directly as in R". Instead, we use local coordinate
charts to transfer the problem to Euclidean space, where the usual notion of differentiation applies. This construction

provides the foundation for defining g vectors and other differential geometric concepts used later in the paper.

On a manifold M of dimension n, let (U, #) be a chart and f a smooth function on M. As a function into R”, ¢ has n

components x1, ..., x". This means that if rl,..., r" are the standard coordinates on R”, then x' = ri o ¢. Forp e U, we

7] .
define the partial derivative a—fl of f with respect to x* at p to be
X

2 =L =2 D g = 2,

oxt],” ox! "o

(fog™.

Since p = ¢~ 1(4(p)), this equation may be rewritten in the form

1
L) = L i,
Thus, as functions on ¢(U),
o A4,
ox! or!

2} 2}
The partial derivative a—fl is C* on U because its local representation (a—fl) o ¢~ is smooth on ¢(U).
X X

3.3 Regular and Critical Points and Values

We now introduce the notions of regular and critical points and values. These concepts are fundamental in differential

topology and will be used in the next subsection on Sard’s theorem.

Definition 4. Let F : M — N be a smooth map between smooth manifolds. A point p € M is a critical point of F if
the differential
dFy : T,M — Tp(,) N

fails to be surjective. Otherwise, p is a regular point of F if the differential dF, is surjective. Equivalently, F is called
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a submersion at p if its differential dF, is surjective, so p is a regular point of F if and only if F is a submersion at
p- Inlocal coordinates, this is equivalent to the Jacobian matrix representing dF, having full rank. In particular, if
dim M = dim N, then the Jacobian matrix is nonsingular (equivalently, invertible). A point q in N is a critical value

if it is the image of a critical point; otherwise q is a regular value.

Proposition 5. For a real-valued function f : M — R, a point p in M is a critical point if and only if relative to some

chart (U, x,...,x") containing p, all the partial derivatives satisfy
of
= =0, j=1,...,n.
o P J

Proof. The differential dfj, : T,M — Tr(,)R = R is represented by the matrix

af

ox!

of

oxn

(») - »]-

Since the image of dfj, is a linear subspace of R, it is either zero- or one-dimensional. In other words, f. , is either the zero

map or a surjective map. Therefore, f. , fails to be surjective if and only if all the partial derivatives ;—)]:,. (p) are zero. O

3.4 Diffeomorphism

We now introduce diffeomorphisms, which are smooth maps with smooth inverses. They preserve the smooth structure of
manifolds and play a fundamental role throughout differential topology.

Proposition 6 (Smoothness of a map in terms of charts). Let M and N be smooth manifolds, and F : M — N a
continuous map. The following are equivalent:

(i) The map F : M — N is smooth.
(ii) There are atlases W for M and B for N such that for every chart (U, ¢) in W and (V, ) in B, the map
YyoFod™ ' :¢(UNF'(V)) — R"
is smooth.
(iii) For every chart (U, ¢) on M and (V, ) on N, the map
YyoFop l:¢(UNF (V) — R™

is smooth.

A diffeomorphism of manifolds is a bijective smooth map F : M — N whose inverse F~! is also smooth. According to
the next two propositions, coordinate maps are diffeomorphisms, and conversely, every diffeomorphism of an open subset

of a manifold with an open subset of a Euclidean space can serve as a coordinate map.
Proposition 7. If (U, @) is a chart on a manifold M of dimension n, then the coordinate map

¢:U—> ¢(U) c R"

is a diffeomorphism.
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Proof. By definition, ¢ is a homeomorphism, so it suffices to check that both ¢ and ¢! are smooth. To test the smoothness
of ¢ : U — ¢(U), we use the atlas {(U, ¢)} with a single chart on U and the atlas {(¢(U), 14(v))} with a single chart on
¢(U). Since

Lywyodod™ :p(U) — $(U)

is the identity map, it is C*. By 6 (ii)=(i), ¢ is C™.

To test the smoothness of ¢! : ¢(U) — U, we use the same atlases as above. Since

god ! olyw) =1pw) : $(U) = $(U),

the map ¢! is also C*. O

Proposition 8. Let U be an open subset of a manifold M of dimension n. IfF : U — F(U) c R" is a diffeomorphism
onto an open subset of R", then (U, F) is a chart in the differentiable structure of M.

Proof. For any chart (Uy, ¢,) in the maximal atlas of M, both ¢, and ¢, ' are C* by 7. As compositions of C* maps, both
Fo ¢! and ¢, o F! are C*. Hence, (U, F) is compatible with the maximal atlas. By the maximality of the atlas, the chart
(U, F) is in the atlas. o

3.5 Inverse Function Theorem

We now introduce the Inverse Function Theorem, which gives a criterion for when a smooth map is locally invertible. This

result will be used later in the paper.

Theorem 9 (Inverse function theorem for R"”). Let F : U — R" be a C* map defined on an open subset U of R". For
any point p € U, the map F is locally invertible at p if and only if the Jacobian determinant det [aFi/arj (p)] is not zero.

Theorem 10 (Inverse function theorem for manifolds). Let F : M — N be a C* map between two manifolds of the
same dimension, and p € M. Suppose for some charts (U, ) = (U, xL . x") about p in M and (V,¢) = (V,y,...,y")
about F(p) in N, F(U) C V. Set F' = y' o F. Then F is locally invertible at p if and only if its Jacobian determinant
det [aF i/ oxd (p)] is nonzero.

$p(U) y(V)

Figure 6: The local coordinate representation o F o ¢! of a smooth map F : M — N.
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Proof. Since
Fi:yioF:riogboF,

the Jacobian matrix of F relative to the charts (U, ¢) and (V, ) is

oF! _[a(r' oy oF) _[o(royoFog™")
[ ] = [T(P)] = [ (p(p)|.

- (P) 57

ox/
which is precisely the Jacobian matrix at ¢(p) of the map
YoFogdp ' :R" > ¢(U) — (V) c R"
between two open subsets of R”. By the inverse function theorem for R”,

d(r'o(YoFog™))
arl

det [%(p)] = det [ (p(p))| #0

if and only if / o F o ¢! is locally invertible at ¢(p). Since / and ¢ are diffeomorphisms (Proposition 7), this last statement

is equivalent to the local invertibility of F at p (see 6).

]

Proposition 11. Let U be an open subset of a manifold M of dimension n. If F : U — F(U) c R" is a diffeomorphism

onto an open subset of R”, then (U, F) is a chart in the differentiable structure of M.

We usually apply the inverse function theorem in the following form.

Corollary 12. Let N be a manifold of dimension n. A set of n smooth functions F',...,F" defined on a coordinate

neighborhood (U, x%, ..., x™) of a point p € N forms a coordinate system about p if and only if the Jacobian determinant

det [9F' /ax/ (p)] is nonzero.

OF!
Proof. Let F = (F,...,F") : U — R". Then, det [F(p)] #0
X

& F : U — R" is locally invertible at p (by the inverse function theorem)

& there is a neighborhood W of p in N such that F : W — F(W) is a diffeomorphism (by the definition of local

invertibility)

& (W,F,...,F") is a coordinate chart about p in the differentiable structure of N (by 11).

3.6 Sard’s theorem

We now introduce Sard’s theorem, a fundamental result in differential topology. It guarantees the existence of regular

values for smooth maps by showing that the set of critical values has Lebesgue measure zero. Since regular values play an

important role in the study of smooth maps, we state this theorem as a useful tool for the results that follow.

C ={x € U | rankdf; < n}.

Then the image f(C) C R" has Lebesgue measure zero.
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§4 Homotopy / Degree Modulo 2

4.1 Smooth Homotopies Between Functions

We now introduce smooth homotopies, which describe continuous deformations between smooth maps. This concept allows

us to compare smooth maps preserving smoothness and will be used in the arguments developed later in this paper.

Definition 14. Let X ¢ R and let f,g : X — Y be smooth maps. We say that f and g are smoothly homotopic,
denoted by f~g, if there exists a smooth map

F:Xx[0,1] — Y

such that
F(x,0) = f(x) and F(x,1) =g(x)

for every x € X. The map F is called a smooth homotopy from f to g. Intuitively, a smooth homotopy provides a

smooth deformation of f into g as the parameter t varies continuously from 0 to 1.

4.2 Smooth Isotopy

We now define smooth isotopies. Unlike a smooth homotopy, a smooth isotopy requires each intermediate map to be a

diffeomorphism, making it a stronger notion of deformation.
Definition 15. The diffeomorphism f is smoothly isotopic to g if there exists a smooth homotopy F : Xx[0,1] — Y

from f to g so that, for each ¢ € [0, 1], the map x — F(x, t) is a diffeomorphism between X and Y.

4.3 Homotopy Lemma

We are now ready to present the Homotopy Lemma. One of the central questions in differential topology is which properties
of a smooth map remain unchanged under a smooth deformation. The Homotopy Lemma provides an important answer to

this question and serves as a fundamental tool for the development of the Poincaré-Hopf Theorem.

Lemma 16 (Homotopy Lemma). Let f,g : M — N be smoothly homotopic maps between manifolds of the same

dimension, where M is compact and without boundary. If y € N is a regular value for both f and g, then

#'(y) =#97'(y) (mod 2).

Proof. Let
F:Mx[0,1] — N

be a smooth homotopy from f to g.

First assume that y is also a regular value of F. Then F~1(y) is a compact 1-manifold. Its boundary is

OF '(y) =F '(y) n (Mx {0} UMx{1}) =f"(y) x{0} U g”'(y) x {1}.

Hence

#oF ' (y) =#f ' (y) + #97' ().
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A compact 1-manifold has an even number of boundary points. Therefore

# ' (y) +#g7 ' (y)

is even, which is equivalent to

# ' (y) =#3"(y) (mod 2).

-

F~l(y)

M x {0} M x {1}

Figure 7: The number of boundary points on the left is congruent to the number on the right modulo 2.

Now suppose that y is not a regular value of F. Since y is a regular value of both f and g, there exist neighborhoods

V1, V5 € N of y such that every point of V; is a regular value of f, every point of V; is a regular value of g, and
#U) =#f(y) forally’ €V,
while

#97'(y) =#9"(y)  forally €V,

By Sard’s Theorem, the set of regular values of F is dense in N. Since V; N V; is a nonempty open neighborhood of y, there

exists a regular value z € V; N V; of F. Applying the first part of the proof to z gives

#f1(z) =#g '(z) (mod 2).

Using the equalities above,

# () =#f(2) = #g7"(2) =#97'(y) (mod 2),

which proves the result. O

4.4 Homogeneity Lemma

We now present the Homogeneity Lemma, which describes an important property of connected smooth manifolds. It shows
that any two interior points can be related by a diffeomorphism that is smoothly isotopic to the identity. This result will be

used later to compare the local behavior of vector fields at different points on a manifold.

Lemma 17 (Homogeneity Lemma). Let y and z be arbitrary interior points of the smooth, connected manifold N. Then
there exists a diffeomorphism
h:N—>N

that is smoothly isotopic to the identity and carries y into z.
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Proof. When N = S, the result is immediate: a rotation of the sphere carries y to z, is a diffeomorphism, and is smoothly
isotopic to the identity.

Now let N be a connected manifold. We first construct a smooth isotopy of R" that fixes every point outside the unit ball

and moves the origin to any prescribed point of the open unit ball, as illustrated below.

/] ™

Fy

N L/

Figure 8: Deforming the unit ball.

Choose a smooth function ¢ : R” — R satisfying
p(x) >0 for[|x]| <1, p(x) =0 for x| >1.

For a fixed unit vector ¢ € S"1, consider the differential equations

dx;
d—);:clwp(x), i=1,...,n.

The corresponding flow F; is a smooth family of diffeomorphisms of R". Since ¢ vanishes outside the unit ball, each F, fixes

every point outside the ball. By choosing ¢ and t appropriately, F; moves the origin to any desired point in the open unit

ball.

Every interior point of N has a neighborhood diffeomorphic to an open subset of R”. Applying the above construction in
a coordinate neighborhood and extending it by the identity outside the neighborhood shows that every point sufficiently

close to a given interior point is smoothly isotopic to it. Hence every isotopy class of interior points is open.

Since the interior of the connected manifold N is connected, it cannot be partitioned into disjoint nonempty open isotopy

classes. Therefore there is only one isotopy class, and for any interior points y, z € N there exists a diffeomorphism
h:N—>N

that is smoothly isotopic to the identity and satisfies h(y) = z. O

4.5 Degree Modulo 2

Theorem 18. Ify and z are regular values of f then

#f'(y) =#f'(2) (mod 2).

This common residue class, which is called the mod 2 degree of f, depends only on the smooth homotopy class of f.

Proof. Given regular values y and z, let h be a diffeomorphism from N to N which is isotopic to the identity and which

carries y to z. Then z is a regular value of the composition 4 o f. Since h o f is homotopic to f, by 16

#(ho f) ' (2) =#f'(z) (mod 2).
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But
(ho )2 =f'h7' (=) = f(y),
so that
#(ho )~ (2) =#f ().
Therefore

# ' (y) =#f"(2z) (mod 2),

as required.

Call this common residue class deg,(f). Now suppose that f is smoothly homotopic to g. By Sard’s theorem, there exists

an element y € N which is a regular value for both f and g. The congruence

deg, f=#f""(y) = #g7'(y) = deg,g (mod 2)

now shows that deg, f is a smooth homotopy invariant. O

§5 Oriented Manifolds and Brouwer Degree

To understand how maps behave between manifolds, we must first know how to define orientations and directions on these
spaces. The following section introduces oriented manifolds, which establish rules needed to rigorously define orientation

on a manifold.

5.1 Oriented Manifolds

An orientation for a finite dimensional real vector space is an equivalence class of ordered bases as follows
+ the ordered basis (by, - - - , b,) determines the same orientation as the basis (b7, ..., by,) if b; = 3 a;;b; with det(a;;) > 0
« it determines the opposite orientation if det(a;;) < 0.

Thus a finite-dimensional vector space only has 2 orientations.

An oriented smooth manifold is a manifold M of dimension m together with a choice of orientation for each tangent space
T, M. For each point p € M, there exists an open neighborhood U C M containing p and a diffeomorphismh: U — V € R™.
h is said to be orientation-preserving if for every x € U, dh,: T,M — R™ carries the chosen orientation of Ty M to the

standard orientation of R™, which means the determinant of its Jacobian matrix is positive.

If M is connected and orientable, then it has precisely two orientations. If M has a boundary, at boundary point, tangent
space vectors are classified as tangent, outward, or inward. A manifold’s orientation induces a boundary orientation by
placing an outward-pointing vector first in a positive basis. For one-dimensional manifolds, boundary points receive signs

based on whether positive vectors point outward or inward.

5.2 Brouwer Degree

Each differential either preserves or reverses orientation, and by summing these signs across all preimages of a regular
value, we get an integer that is independent of the choice of regular value. This topological invariant defines the Brouwer
degree. The Brouwer degree is an integer that measures how many times a smooth map between two oriented manifolds

wraps one manifold around the other, with orientation taken into account. It is a fundamental tool in topology which is as
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an invariant of the map. This tells us whether a map can be continuously deformed into another map. If the degree of a

map f : M — N is nonzero, then the map is surjective, so the equation f(x) =y has a solution x € M for every y € N.

Definition 19. Suppose M and N are oriented n-dimensional manifolds, where M is compact and N is connected,
and let f : M — N be a smooth map.

For a regular value y € N, every point x € f~!(y) has an invertible differential
dfi : TeM — T,N.
Each differential either reserves orientation (+1) or reverses orientation (—1). The degree of f at y is defined by

deg(fiy) = ), sign(dfe).
xef~1(y)

We want to show the following theorems:

Theorem 20. The integer deg(f;y) does not depend on the choice of regular value y.

Theorem 21. If f is smoothly homotopic to g, then deg f = degg.

We first prove the following lemma.

Lemma 22. Let X be a smooth manifold with boundary M = 0X. If f : M — N extends to a smooth map F : X — N,
then deg(f;y) = 0 for every regular value y.

Proof. First suppose that y is a regular value for F, as well as for f = F | M. The compact 1-manifold F~!(y) is a finite union
of arcs and circles, with only the boundary points of the arcs lying on M = 9X. Let A C F~!(y) be one of these arcs, with
0A = {a} U {b}. We will show that

sign df; + signdf, =0,

and hence (summing over all such arcs) that deg(f;y) = 0.

The orientations for X and N determine an orientation for A as follows: Given x € A, let (v1,...,0p+1) be a positively
oriented basis for TX, with v, tangent to A. Then v; determines the required orientation for TA, if and only if dF, carries

(v2,...,0n41) into a positively oriented basis for TN,.

Let v1(x) denote the positively oriented unit vector tangent to A at x. Clearly v; is a smooth function, and v;(x) points

outward at one boundary point (say b) and inward at the other boundary point a. It follows immediately that
signdf, = -1, signdf, = +1;
with sum zero. Adding up over all such arcs A, we have proved that deg(f;y) = 0.

More generally, suppose that y is a regular value for f, but not for F. The function deg(f;y) is constant within some

neighborhood U of y,. Hence, as in § 4, we can choose a regular value y for F within U and observe that

deg(f;yo0) = deg(f3y) =0.
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Now consider a smooth homotopy F : [0,1] X M — N between two mappings f(x) = F(0,x), g(x) = F(1,x).
I Lemma 23. The degree deg(g;y) is equal to deg(f;y) for any common regular value y.
Proof. The manifold [0, 1] X M™ can be oriented as a product, and will then have boundary consisting of 1 X M" (with the

correct orientation) and 0 x M" (with the wrong orientation). Thus the degree of F |5([0,1]xm~) at a regular value y is equal

to the difference
deg(g;y) — deg(f;y).

By 22, the difference is 0. o

If y and z are both regular values for f : M — N, choose a diffeomorphism h : N — N that carries y to z and is isotopic to
the identity. Then h will preserve orientation, and deg(f;y) = deg(h o f;h(y)) by inspection. But f is homotopic to k o f;
hence deg(h o f;z) = deg(f;z) by 23. Therefore deg(f;y) = deg(f;z).

Brouwer’s degree is also called winding number. We can use Brouwer to show that $” will have a smooth field of nonzero

tangent vectors if and only if n is odd.

Figure 9: Examples of attempts of smooth fields of nonzero vectors with S2.

§6 Vector Fields

6.1 Vector Fields

Let M be a smooth manifold. The tangent bundle TM is the disjoint union of all tangent spaces at all points on the manifold.
The vector field X is a smooth map X : M — TM. When it projects down to the manifold itself, it must map to the original
point, in the sense if 7 : TM — M, then 7 o X = idp.

In a local coordinate chart (U, x1, x3....x,,), vector fields can be written as

z d
_ i
X = El X0
P

The vector field is smooth iff every component function X’(x) : U — R is smooth.
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Definition 24. The vector fieldsv on M and v’ on N correspond under f if the derivative df; carries v(x) into o’ (f(x))
for each x € M.

If f is a diffeomorphism, then o’ is uniquely determined by v and we define o’ =df ov o f1.

Lemma 25. Suppose that the vector field v on U corresponds to v’ on U’ under a diffeomorphism f : U — U’. Then the
index' of v at an isolated zero z is equal to the index of v at f(z).

'The index is just the Brouwer’s degree

A zero in a vector field is a point p on the manifold M such that the velocity at point p is zero. An isolated zero is a zero at

point p on the manifold M where there exists an open neighborhood containing p, and contains no other zeros.

6.2 Index of Zeroes

Consider first an open set U € R™ and a smooth vector field

v:U— R"
with an isolated zero at the point z € U. The function
~ o(x)
o(x) =
llo(x)ll

maps a small sphere centered at z into the unit sphere.* The degree of this mapping is called the index  of v at the zero z.

Some examples, with indices -1, 0, 1, 2, are illustrated in 10.

*Each sphere is to be oriented as the boundary of the corresponding disk.
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7 £

1= 1=0

1= +1 1= +2

Figure 10: Examples of plane vector fields with isolated zeros of different indices.

6.3 Invariance of index

Lemma 26. Suppose that the vector fieldv on U corresponds to

z)’:df()z)of_1

on U’ under a diffeomorphism f : U — U’. Then the index of v at an isolated zero z is equal to the index of v’ at f(z).

Proof. Without loss of generality, assume that

z=f(z) =0,

and that U is convex.

First suppose that f preserves orientation. By 27, f is smoothly isotopic to the identity. Hence there exists a smooth family
of embeddings
fi:U—->R™ 0<t<],
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such that

fo=id,  fi=f,  fil(0)=0.

For each t, define
o, =df,ovo f L.

Each v; has an isolated zero at the origin, and for a sufficiently small sphere centered at 0, every v; is nonvanishing on the

sphere. Therefore, the normalized maps

i) = 2

llo: ()]
form a homotopy. Since the degree is invariant under homotopy,

deg(vo) = deg(o1),

which implies
indy(v) = indy(v”).

Now suppose that f reverses orientation. It is enough to consider the case where f is a reflection p. Then
v = povo p_l,

and the normalized maps satisfy

7 =povop L.
Since conjugation by a reflection preserves the degree of the normalized map,
indg(z) (v") = ind, ().

Hence the index is invariant under diffeomorphisms. O

I Lemma 27. Any orientation preserving diffeomorphism f of R™ is smoothly isotopic to the identity.

Proof. Assume without loss of generality that f(0) = 0. Define

F:R™x[0,1] > R™

by
G
F(x,t) = t
dfo(x), t=0.

Since f is smooth, F extends smoothly to ¢t = 0, giving a smooth isotopy from f to its derivative df;.

The derivative df; is an orientation-preserving linear isomorphism, and every such linear map is smoothly isotopic to the
identity through the connected group GL* (m, R). Therefore, f is smoothly isotopic to the identity. O
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§7 Proof of Poincaré-Hopf Theorem

Theorem 28 (Poincaré—Hopf Theorem). The sum ), 1 of the indices at the zeros of such a vector field is equal to the Euler

number'
m

(M) = Z(—l)i rank H;(M).

i=0

It doesn’t depend on the particular choice of vector field, and is an invariant of M.

'H; (M) denotes the i-th homology group of M.

Lemma 29 (Hopf Theorem). Ifv : X — R™ is a smooth vector field with isolated zeros, and if v points out of X along
the boundary, then the index sum Y, 1 is equal to the degree of the Gauss mapping' g : 9X — S™ . In particular, ¥, 1 does
not depend on the choice of v.

la function that assigns every point on a surface to its corresponding unit normal vector

Proof. By removing an e-ball around each zero, we get a new manifold with boundary. The function v = % maps this
manifold into S™~!. If a smooth map is defined on a compact manifold with boundary, the total sum of its degrees across
all boundary components must be 0. v to dX is homotopic to g, so the degree is just deg(g). On the inner boundaries, the

components add up to —Xi. Thus deg(g) — 2t = 0 is required. O

We can try to compute the index of a vector field v at a zero z in terms of the derivatives of v at z. Consider a vector field
v on an open set U C R™ and think of v as a mapping U — R™, so that dv, : R™ — R™ is defined. The vector field v is

nondegenerate at z if the linear transformation do, is nonsingular (invertible). It follows that z is an isolated zero.

Lemma 30. The index of v at a nondegenerate zero z is either +1 or —1 according as the determinant of dv, is positive or

negative.

Proof. v is a diffeomorphism from some convex neighborhood Uy of z into R™. If v preserves orientation, v |y, can be
deformed smoothly into the identity by lemmas 26 and 27. Thus index is +1. If v reverses orientation, it can be deformed

into the reflection, index is —1. m|

Consider a zero z of a vector field w on a manifold M c RF. wisa map from M to RF where derivative dw, : TM, — RF is
defined.

Lemma 31. The derivative dw, actually carries T M, into the subspace TM, C R¥, and thus can be considered as a linear
transformation from TM, to itself. If this linear transformation has determinant D # 0 then z is an isolated zero of w

with index equal to +1 or —1 according as D is positive or negative.

Proof. Let h: U — M be a parametrization of some neighborhood of z. Let e’ denote the i-th basis vector of R™ and let
t' = dhy(e') = oh/du;

so that the vectors t1, - - - , t™ form a basis for the tangent space TMp(y,).
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We want to compute the image of t; = t;(u) under the linear transformation dwpy).
dwh(u) (1) = d(w o h),(e") = aw(h(w))/ou;.

. We let v = Zov;e’ be the vector field on U that corresponds to the vector field w on M. Because v = dh™! o w o b, w(h(u)) =
dhy(v) = X v;t'.. Thus ow(h(u))/du; = 3;(dv;/du;)t' + Y, v;(dt'/du;). Evaluating for the zero h™(z) of v, we obtain

dw, () = Z(avi Jou)t.

dw, maps TM, to itself, the determinant of this linear transformation is equal to the determinant of (dv;/du;). This with 30,

completes the proof. O

Now consider a compact, boundaryless manifold M c R¥. Let N, denote the closed e-neighborhood of M . For € sufficiently

small one can show that N is a smooth manifold with boundary.

Lemma 32. For any vector field v on M with only nondegenerate zeros, the index sum 3}, 1 is equal to the degree of the
Gauss mapping
g:9N. — sk-1,

In particular this sum does not depend on the choice of vector field.

Proof. For x € N, we let r(x) € M be the closest point of M. If € is sufficiently small, then the function r(x) is smooth and
well defined. The gradient of the squared distance function ¢(x) = ||x — r(x)||? is grade¢ = 2(x — r(x)). Hence, for each

point x of the level surface N, = ¢~ !(€?), the outward unit normal vector is given by
9(x) = grad ¢/||grad ¢|| = (x = r(x))/e.
Extend v to a vector field w on the neighborhood N¢ by setting
w(x) = (x = r(x)) +o(r(x)).

Then w points outward along the boundary since the inner product w(x)g(x) is equal to € > 0. Computing the derivative

of w at a zero z,

dw;(h) =dv,(h) forallh e TM,
dw,(h) =h for h € TM;.

Then det(dw,(h)) = det(dv,). Then the index of w at the zero z is equal to the index 1 of v at z. By 29, 31 = deg(g). This
completes the proof. O

In order to obtain the full strength of the Poincaré—~Hopf Theorem, the following three steps are needed.

7.1 Step1

Assume M is compact and has no boundary, and that V has only nondegenerate zeros. By 32, o1 doesn’t depend on V. Then
we can assume without loss of generate one nondegenerate vector field V for the remaining part of step one. A well known

theorem in Morse theory states that every compact smooth manifold admits a Morse function f : M — R. We can pick
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a Riemannian metric on M, and let Vf be its gradient vector field. The zeros of Vf are the critical points of f. Since f is

Morse, all critical points are nondegenerate, and thus we can say that Vf is a nondegenerate vector field.

Suppose p is a critical point of f. Let A(p) be the Morse index. By the Morse lemma, there are local coordinates centered at

p such that
f(x1y. . xm) = f(p) —x% _"'_xle(p) +xi(p)Jrl +~--+x,2n.
We know
Vf =(-2x1,..., _le(p)a ZxA(p)+1, ey 2Xpm),
)
d(Vf), = diag(-2,...,-2,2,...,2).

———

A(p) entries
Thus

detd(Vf), = (=2)MP)2m=4p) = (—1)HP)gm,

Since p is a nondegenerate zero of Vf, the index formula for a nondegenerate zero gives
ind, (Vf) = sign(detd(Vf),) .

Now,
detd(Vf), = (-)*P2m,

Because 2™ > 0,
sign(27(-1)1 1) = (~1)}®.

Therefore,
ind, (Vf) = (-1)*7).

Since the zeros of Vf are exactly the critical points of f, we have
Z(Vf) = Crit(f).

Therefore,

Z ind, (Vf) = Z (-1)2®).

PEZ(VS) peCrit(f)

By Morse theory, we know

xan = ) ()M

peCrit(f)

Thus we have

Z ind, (V) = y(M).

PEZ(X)

Theorem 33 (Poincaré~Hopf Theorem 1). Let M be a compact smooth manifold without boundary, and letV be a smooth

vector field on M with nondegenerate zeros.

D ind,y (V) = x(M).

PEZ(V)
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7.2 Step 2

Now to unrestrict this theorem, we let V have isolated degenerate zeros. Because M is compact and Z(V) is discrete, we
know the set of zeros is finite. Then we can use the following construction to change the vector field into a nondegenerate

one.

Suppose p is an isolated zero. Let p € Ny, N; C N, such that p is the only zero in N. We define a smooth coordinate map
F : N — R™. Then we define a smooth cutoff function A : N — [0,1], where A(x) = 1 for x € N, and A(x) = 1 as x
approaches oN. By Sard’s theorem, regular values are dense. Thus we are able to find a regular value y € R™ where ||y|| is
arbitrarily close to 0. Then we can define V' (x) = V(x) — A(x)y. Outside of N, the vector field remains unchanged. Inside,

we want to verify that there are only nondegenerate zeros.
On Ni, A = 1. Thus
V(x) =V(x) -y

If V/(x) = 0, then V(x) = y. Since y is a regular value of V, for every x € V™(y), dV, : T.M — R™ is surjective. Both the

domain and codomain have dimension of m, thus dV, is an isomorphism. Because
’
dv, =dVy
on Ny, every zero of V’ in Nj is nondegenerate.

We also want to show there are no new zeros in N/N;. We know N/N; doesn’t contain any zeros of V. Then there must
exist a € > 0 such that
IV(x)|| < € for every x € N/N;

We can pick regular value y such that ||y|| < €. Because 0 > A(x) > 1,
IAG)yll < llyll < e < V()]

Thus
V(x)=A(x)y #0

on N/Nj. Thus all zeros in V’ in N lie in N; and all of them can be viewed as nondegenerate.

We also want to show that the index doesn’t change when we change isolated zeros to nondegenerate ones because we
want to show index remains an invariance under diffeomorphism. When we approach dN, A = 0, so V' = V. That means

the normalized map of V and V’ are identical on the boundary of N. Then be the definition of index,

)

The total index of all the zeros of V’ inside N has the same boundary degree.

)

ind, (V) = Z ind, (V).

qeZ(V')NN

. |4
1ndp(V) = deg ( m

’

. , 14
Z ind, (V') =oleg(m

qeZ(V')NN

We can conclude that

We are able to change a degenerate zero p into nondegenerate zeros without changing the index. If we apply this to all

23 of 27



SUMaC 2026 Poincare-Hopf Theorem August 31, 2026

zeros on V, the Poincaré—Hopf Theorem still holds.

Theorem 34 (Poincarée-Hopf Theorem 2). Let M be a compact smooth manifold without boundary, and letV be a smooth

vector field on M with zeros.

D ind,y (V) = x(M).

peZ(V)

The zeros of V can be degenerate or nondegenerate.

7.3 Step3

Now let M be compact with boundary, with V pointing outward along oM. Since V points outward at every boundary point,
V(x) = 0 Vx € oM. That means every zeros of V lies int he interior of M.

Then, we can implement Smooth Collar Theorem. We define a smooth embedding C : dM X [0,e) — M, whose image
is a neighborhood of dM and c(x,0) = x. We define this embedding to be the collar, and using this collar, we can attach
an exterior collar dM X (¢,0] to M. Define the resulting manifold to be M*, where M is a submanifold. We can extend V
smoothly to M* so that all the vectors on the exterior collar point outward and have no zeros. If we were to shrink this

collar, no new zeros would appear. Thus Z(V*) = Z(V). We can conclude

ind,(V*) = ind, (V).

We can apply Step 2 to all isolated zeros on V* such that the new vector field V’ has only nondegenerate zeros, points

outward on the boundary, and the index is unchanged. Then, we have that

Z ind, (V) = Z ind, (V).

PEZ(V) qeZ(V’)

We now want to show that 3’ ,c 7 () ind, (V) = y(M). We define a Morse function f : M — R such that f has no critical

points on oM, V f points outward along oM, and all critical points lie in the interior. Just like Step 1, for each critical point

ps
ind, (Vf) = (-1)*?).

Morse cell decomposition for a manifold with boundary gives
x= 3 ()t
peCrit(f)

Thus
> indy(Vf) = x(M).

PeZ(Vf)

We can define homotopy
Hy=(1-0)V' +1tVf, 0<t<1.

On the boundary of M, both V and Vf only have positive outward normal components. Thus, all convex combinations H;

also has an only positive outward normal component. In particular H;(x) # 0 for x € dM. No zero can cross the boundary
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during the homotopy so by the index invariance,

Z ind, (V) = Z ind, (Vf) = y(M).

qeZ (V") PeZ(Vf)
Therefore,

D ind,y (V) = x(M).

peZ(V)

This gives us the full version of the Poincaré-Hopf Theorem, as shown below.

Theorem 35 (Poincaré-Hopf Theorem 3). Let M be a compact smooth manifold, and let V be a smooth vector field on
M with zeros. If M has boundary, and V points outward along oM. Then

D ind,y (V) = x(M).

PEZ(V)

The zeros of V can be degenerate or nondegenerate.

§8 Applications of Poincaré-Hopf Theorem

8.1 Hairy Ball Theorem

Theorem 36 (Hairy Ball Theorem). Every smooth tangent vector field on the 2-dimensional sphere S* has at least one

zero.

Proof. Assume, for contradiction, that there exists a smooth tangent vector field X on S2 that is nowhere zero.

Because X has no zeros, the set of zeros of X is empty. Therefore, the sum of the indices of all zeros of X is the empty sum,

SO

Z ind, (X) = 0.

PeZ(X)
On the other hand, the Poincaré-Hopf Theorem states that

Z ind, (X) = y(M).

PEZ(X)

Applying this theorem to M = S%, we obtain
Z ind, (X) = x(5?).

peZ(X)
Since
x(8%) =2,
it follows that
Z ind, (X) = 2.
PEZ(X)
This contradicts the earlier conclusion that
Z ind, (X) = 0.
PeZ(X)
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Therefore, no smooth nowhere-vanishing tangent vector field exists on S2. Hence, every smooth tangent vector field on S?

has at least one zero. ]

8.2 0dd-Dimensional Manifolds

Corollary 37 (Odd-Dimensional Manifolds). Let M be a compact smooth manifold without boundary. If dim M is odd,
then
x(M) = 0.

Proof. Let V be a smooth vector field on M with isolated zeros. By the Poincaré-Hopf Theorem,

D indy(V) = x(M).

PeZ(V)

Now consider the vector field —V. Since V and —V have the same zeros,

Z(=V) = Z(V).

Moreover, for each p € Z(V),
ind, (-V) = (-1)%™Mind, (V).

Because dim M is odd,
ind, (-V) = —ind, (V).

Applying the Poincaré-Hopf Theorem to —V, we obtain

¥(M) = Z ind, (V).

pPEZ(-V)

Therefore,

x(M)= > indy(-V)

PEZ(V)

=- Z ind, (V)

PEZ(V)
=—x(M).

Hence,
2x(M) =0,

and therefore,
x(M) = 0.
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