ON THE SOLUTIONS OF PELL AND NEGATIVE PELL EQUATIONS
SHIVEN BHARGAVA

ABSTRACT. In this paper, we use multiple techniques to find the complete set of solutions to
Pell and negative Pell equations. We prove the existence of a nontrivial solution to the former
using Dirichlet’s Approximation Theorem and then find all solutions from the minimal
positive solution. We briefly mention the generalized Pell equation and how to generate
infinitely many solutions from just one. In addition, we find all solutions to both Pell and
negative Pell equations given the minimal solution to the latter. We then utilize the method
of continued fractions as developed by Joseph-Louis Lagrange to represent solutions to both
equations as convergents to the continued fraction of v/d. We provide the proofs of multiple
obscure theorems related to continued fractions, such as the Law of Best Approximations,
Lagrange’s Theorem, and Galois’ Theorem. We end by providing resources on generalized
Pell equations and their applications. All in all, this paper thoroughly describes the solutions
of Pell and negative Pell equations and gives an in-depth introduction to continued fractions.

1. INTRODUCTION

Pell equations are equations of the form x? —dy? = 1 for a fixed d € N, where N represents
the set of positive integers. Generalized Pell equations are of the form 2% — dy? = n for any
n € 7Z, and negative Pell equations are of the form 22 — dy? = —1. The focus of this paper
is to find integer pairs (x,y) that satisfy Pell and negative Pell equations. Whenever we
discuss a solution to these equations, we are referring to an integer one. We sometimes refer
to solutions to Pell equations as Pell solutions.

Now we discuss the trivial case. Notice that if d is a perfect square in a Pell equation,
say d = %, then we want to solve 2% — (cy)? = 1, implying (z — cy)(x + cy) = 1. Thus
cy =0, so (x,y) = (£1,0) are the only solutions in this case. The solutions for (z,y) that
we just found are valid for any d, square or not. Hence, these are referred to as the trivial
solutions to a Pell equation. Other solutions are called nontrivial, and if a solution satisfies
the additional constraint that x,y € N, then we refer to it as a positive solution. Observe
that all nontrivial solutions must have nonzero z,y. In a negative Pell equation, if d = 2,
then (z — cy)(x + cy) = —1, so x = 0,¢ = 1,y = +1. Hence, in all of our theorems in
this research paper, we assume d is not a perfect square. This implies that negative Pell
equations have no trivial solutions, so x,y must both be nonzero. We refer to solutions with
positive (z,y) as positive solutions.

We now describe the findings of this paper and the results of each section. We start out
by discussing a few preliminaries needed to formally discuss Pell equations. Then we move
on to proving that any Pell equation has a nontrivial solution. In Section 4, we discuss the
composition principle and its use in finding all solutions to a Pell equation from the minimal
positive one. We then add negative Pell equations into the mix, analyzing the two equations
together and again finding all solutions from the minimal one. Shifting gears in the next
section, we start expanding on the continued fraction theorems mentioned in Section 2. After
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introducing the basics, we analyze periodic and purely periodic continued fractions and prove
Lagrange’s Theorem and Galois’ Theorem. Finally, in Section 8, we give all solutions of both
equations in terms of convergents to the simple continued fraction of vd. We conclude by
giving a few resources for the reader to continue learning about this field.

2. PRELIMINARIES

Before we dive into solving Pell equations, we need to discuss some preliminary material. In
this paper, we will use Z[v/d] to denote the set {z+y+v/d | z,y € Z}. Note that Z[/d] is closed
under multiplication because (z; + y1vVd)(z2 + 12V/d) = (2122 + dy1y) + (212 + y122)Vd €
Z[/d]. Also, observe that for any o € Z[V/d], there exist unique integers x,y such that
o = x + yVd. because /d is irrational. Furthermore, each element in Z[v/d] has a unique
conjugate:

Definition 2.1. The conjugate of an element o = = + yv/d € Z[Vd] is @ = z — y\/d.
Moreover, we can define the norm of an element:
Definition 2.2. The norm of an element a € Z[/d] is defined as N(a) = aa.

Notice that if o = = + yv/d, then
N(x—l—y\/E) = (x—l—y\/g) (x—y\/a) = 2% — dy*.

Hence, solutions to 22 — dy? = +1 are equivalent to elements of Z[v/d] that have norm =1.
For ease of notation, we will use (z,y) and x + yv/d interchangeably do denote solutions to
Pell and negative Pell equations.

Lemma 2.3. The norm is multiplicative, i.e. for any o, € Z[\/d], we have
N (af) =N (o) N (B).
Proof. Let a = x1 + ylx/a, b =x9+ ygx/c_l. Then

aff = <$1 + y1\/3> <5E2 + yz\/a>

= (2172 + dy1y) + (2192 + y172) Vd
= (w122 + dyrys) — (2192 + y122) Vd
= <$1 - yl\/g> (1’2 - yz\/C_i)
=a-B

Therefore,
N (af) = afiaB = aa - 57 = N (a) N (). .

Now that we have the notation setup, we can move onto continued fractions, which are
extremely powerful tools that pop up in the most unexpected places. The simplest results
will be presented here, and the more complicated theorems will be discussed in Sections 6

and 7.
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Definition 2.4. Let ag, a1, as,as, ..., a, be a sequence of real numbers. Then
1
ag + 1
ay + 1
as + 1
as + 1
as + 1
...+____
Am
is referred to as a finite continued fraction, and is shorthanded by [ag; a1, as, .. ., ay]. If
the fraction never ends, it is referred to as an infinite continued fraction and is written as
lag; a1, as,...]. A simple continued fraction is a continued fraction under the constraints

that ag € Z and a; € N for all i > 0.

Definition 2.5. Let a be a real number. We define two recursive sequences, (a,) and (o, ),
as follows:

(1) ap =«
(2) an =[]
(3) ap, = a, +

an+1‘
The sequences stop once «,, = a,,. If this never happens, then the sequences are infinite.

In the rest of the paper, we assume that the values a; and «; are defined as above.

Remark 2.6. Observe that [ag;aq,as,...] is the simple continued fraction expansion of .
From now on, if we refer to the continued fraction of «, we are referring to the continued
fraction derived from the sequences defined above.

Furthermore, if « is a rational number, say a = § where ged(p,q) = 1, then notice
that the last condition is equivalent to performing the Euclidean algorithm on p,q. This
is because subtracting a,, = |a,]| is equivalent to taking the remainder when dividing,
and reciprocating is switching the roles of the modulus and the remainder. It follows that
the continued fraction of any rational number is finite since the Euclidean algorithm always
terminates. The converse also holds: if « is irrational, its continued fraction must be infinite.

Additionally, note that o, —a, < 1 for all n > 0, so a,+1 = anian > 1, giving a,11 =
|apr1| > 1, which implies that a,,«, > 1 for any n > 0. Finally, observe that a =
lag; ay, as, ..., am—1, Q) and ay, = [@m; Gmp1, Gy, - - -] for any positive m.

Definition 2.7. Let 0 < n < m be nonnegative integers. Let z be a real number and
lag, ai,as,...,an_1,0n,...,ay] be its continued fraction. The nth convergent to x is de-
fined as the continued fraction [ag, ay,...,a,]. Additionally, define two sequences of real
numbers (p,,) and (g,) in relation to the continued fraction of x where

p—1=1,po = ap, and p, = a,pp—1 + Pn—2,

and analogously,
¢-1= 0,90 = 1, and gn = angn-1 + gn—2-

From now on, p,,q, will always be used as defined here. Although the definitions of p,
and ¢, may look arbitrary, they are not, as can be seen in the following results.
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Lemma 2.8. If « = [ap; a1, ..., 4,1, Qy], then

_ AnpPn—1 +pn—2

ApQn—1 + qn—2
Proof. If n = 0, [ag; a1,...,an-1,,] = [ag] = ap = « as desired. Assume the result for
n = k. By the inductive hypothesis, if n = k + 1,
1
[ao; ax, ... apya] = |:a0;a17---7ak+ }
Ok+1

<6Lk + L ) Pr—1+ Dk—2

A+1

(Gk + - ) k-1 + Qr—2

Qk41
~ (apogr + 1) pe_1 + apqapr-o
(a1 + 1) geor + 1 Grn
pr1 (@kPr—1 + Pr—2) + Pe—1
g1 (rQe—1 + Qr—2) + Q-1
_ Qp41Pk Tt Pr—1

= ) [ |
Ok1Gk + Qr—1
Lemma 2.9. 2—” is the nth convergent to [ag; a1, asz,as, ..., anyl.
Proof. This is equivalent to showing that zﬁ = [ao; ay,...,a,]. The result is true for n = 0
since 22 = 4 = [ao]. Assume the result for n = k. By Lemma 2.8 and the inductive
hypothesis, if n =k + 1,
. k+1Pk + Dk—1 _ Dk+1
[ao,al,...,akH] = = [ |

Qe 1Qk + Q-1 Qig1
Lemma 2.10. The following hold for all n:

(1) Prndn—-1 — Pn—149n = (-1)”71

(2) Pndn—2 — Pn—24n = (—1)"an.

Proof. Note that if n = 1, then p,¢,,_1 —Pn_1¢n = (aga;+1)(1)—(ag)(ai) = (=1)""!. Assume
that (1) holds for n = k. Then

P10k — Pri+1 = (Qks1Dk + Pr—1) Gk — Pi (k410 + Go-1)
= (@hk+1PKGe — Qe1Pek) — (PRQe—1 — QkPr—-1)
= (-1)".
For (2), note that if n = 2, then p,¢n_2 — Pn_2Gn = (aparas + ap + a2)(1) — (ap)(araz + 1) =
(=1)"a,. Assume that the result holds for n = k. Then

Pri1Gk—1 — Pk—1Gkt1 = (@ 1Pk + Ph—1) 1 — Pr—1 (rr1Qk + qr—1)
= (Pr—1Gr—1 — Pk—1Gk—1) + Qrt1 (PkGr—1 — QrPr—1)
= (—1)k_1 Gk+1
= (=" apys. ]

Corollary 2.11. p,, g, are relatively prime integers for all 0 < n < m.
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Proof. Since the initial values p_1, po, g_1,qo are integers and the coefficients in the recur-
rences are integers, p,, and g, are integer sequences. Since ged(pn, ¢n) | PnGn—1—Pn-1¢n = £1,
ged(pn, qn) = 1 for all n, as desired. [ |

We end this section by defining periodic continued fractions.

Definition 2.12. An infinite continued fraction [ag, a1, ...| is referred to as periodic if, for
all sufficiently large n, a,, = a,; for a fixed positive integer [ called the period. The minimal
period is the smallest positive integer [ such that this holds. The continued fraction is purely
periodic if for any n we have a,, = a,.; for a fixed positive integer [. A periodic continued
fraction is represented by putting a bar over the repeating part, i.e. [ag; a1, az, ..., Gy =
lag; ai,as, ... an,a1,09, ..., Gn, a1, ...].

3. EXISTENCE OF A PELL SOLUTION

We begin this section by proving a famous result known as Dirichlet’s Approximation
Theorem. We then prove that there always exists a nontrivial solution to a Pell equation.

Lemma 3.1 (Dirichlet’s Approximation Theorem). For any o € R and integer N > 1, there
exists an integer p and a positive integer q such that ¢ < N and

P 1
a—=| < —,
q qgN
or equivalently,
1 1
—pl< — < =
laa —pl < & < .

If a > 1, then we can also impose the condition that p must be positive.

Proof. This proof follows that of [RS23]. Consider the N + 1 numbers a; = iav — |ice], where

0 <1 < N. By properties of the floor function, 0 < a; < 1. Define N intervals I, = [%, %),
where 1 < k < N. All these intervals are disjoint, and their union is [0,1). Hence, by the

pigeonhole principle, there are two a;’s in the same interval, say I;. Then we have
E—1 k 1
Tgai,aj<ﬁ =54 |ai—aj]<ﬁ.

Without loss of generality, we assume ¢ > j. Substituting the definitions of a;, we obtain

a; —a; = (i = j)a+([ja] = [ia]).
Let p = |ia| — [jo and ¢ =i — j. Note that 1 < ¢ < N. Hence,
1
jai — ] = lga = p| < &,
as desired. If a > 1, then iav > ja + 1, so |ia] > |ja]. Hence, p = |ia| — |ja] > 0 if
a > 1. |

Theorem 3.2. Any Pell equation has a nontrivial solution. Furthermore, it has a positive
solution.

Proof. To prove this theorem, we will show that there exists M € Z where |M| < 1 + 2V/d
such that the equation x? — dy?> = M has infinitely many solutions. We then use modular
arithmetic and some clever algebraic manipulations to conclude the proof. This proof is
taken from [Conb].
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Since v/d > 1, there exist infinitely many positive integer pairs (x,y) such that |z —yv/d| <
i by Lemma 3.1. Hence,

1
x:x—y\/ﬁ—ky\/ag ’x—y\/g‘+y\/c_i<§+y\/3§1+y\/g.
Thus, we have = + yvd < 1+ 2yv/d. We compute
1
}xz—dgf] = <x+y\/;l> ‘x—y\/E’ < <1+2y\/2l>§§1+2\/g.

This inequality implies that |2% — dy?| < 1+ 2v/d for infinitely many positive integer pairs
(z,7). Hence, by the pigeonhole principle, there exists some M € Z where |M| < 1+ 2v/d
and

(3.1) Nz +yVd)=2> —dy* =M

for infinitely many pairs of positive integers (z,y). Observe that, since Vd is irrational,
M cannot be equal to 0. We apply the pigeonhole principle again, but this time, we also
utilize modular arithmetic. Hence, there exist infinitely many positive integer pairs (z,y)
that satisfy (3.1) and the following conditions for some fixed positive integer pair (zo,yo):
z = xo mod | M|, y = yo mod |M|, N(z+yvd) = 2% —dy> = M, and (z,7) # (w0, y). Thus,
let (z1,y1) and (z9,y2) be two of these pairs. By the conditions, we have z1 = x5 mod | M|
and y; = y2 mod |M|, so write x1 = x5 + Mu, y; = y2 + Mo for u,v € Z. Then

£U1+y1\/32$2+y2\/a+M(u+U\/E>,

xl—yl\/g:xg—yg\/c_l—i-M(u—v\/E).

Plugging in M = N(z + y2v/d) = (22 + y2V/d) (x5 — y23/d), we compute
(3.2) r1 + y1\/3 = <ZE2 + yz\/@ (1 + <£L‘2 - yg\/3> (u + vﬂ)) )
Similarly, we have
(3.3) v1—yVd = (22 — 12 Vd) (1 + (22 + 12 Vd) (u — vVd).
In order to simplify the RHS of (3.2), we define

&y Vd =1+ (zy — yoVd) (u+vVd) = (1 + zou — dyov) + (220 — you)Vd.
Notice that the second factor on the RHS of (3.3) is equivalent to = — y\/d, giving

z1+yVd = (:L“Q +y2\/3> <fﬂ’+y’\/3> ,
T —yVd = (mg — yg\/@ <a:’ — y’\@) .

Multiplying the equalities, we see that
N (1751 + y1\/g> =N (iﬂz + yz\/&> N (:U/ + y’\/;l) — N (:ic’ + y’\/a) =1

since N (21 + y1vVd) = N(xy + yo3/d) = M. Hence 2> — dy? = 1. If (2/,y') = (1,0) then
z1 + y1vVd = x5 + y2V/d, implying x1 = x4,y1 = v, a contradiction. If (z/,9/) = (—1,0)
then z1 + y1Vd = —5 — yoV/d, implying 1, = —5, y1 = —ys, contradicting the fact that all
four numbers are positive. Therefore, (2',y’) is nontrivial, implying that x’,y’ are nonzero.
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If 2’ or ¢ are negative, then we can alter the signs without affecting the value of 2”2 — dy’.
Hence, there is always a positive solution to z? — dy? = 1. [ |

4. ALL PELL SOLUTIONS FROM THE MINIMAL ONE

In this section, our goal is to prove the following theorem.

Theorem 4.1. Let (z1,y1) be a positive solution to the equation x> — dy* = 1 such that y,
is minimal. Then all solutions to x> — dy?> = 1 are, up to sign, generated by taking integral

powers of x1 +y1V/d, i.e.
k
(4.1) r+yvd=+ <x1+y1\/a>

where k € Z. The solutions where x,y are positive are generated by taking k > 0 and the +
out front.

We divide the proof into two cases, namely proving that the condition for (x,y) to be a
solution is sufficient and necessary.
4.1. The Condition is Sufficient. To prove sufficiency, we start with a simple but powerful

theorem.

Theorem 4.2 (Composition Principle). Let x1,y1, To, and ys be integers such that x3 —dy? =
ny and x5 — dy3 = ny. Define 13 = 1109 + dy1y2 and yz = x1y2 + y172. Then

T3 — dys = niny = (l’% — dyf) (:Eg — dy%) .
Additionally, z3,ys are the unique integers that satisfy xs +ysVd = (x1+ ylx/a)(xg + yQ\/E).

Proof. We translate this theorem into a statement about norms. Notice that

N (a:l + y1\/3> N (ZL‘Q + yg\/3> =N ((ml + y1\/g> <£L'2 + yy/ﬁ))
=N ((371902 + dy1y2) + (21y2 + Y172) \/E> :
which is what we desire. [

Corollary 4.3. If (x,y) = (z1,v1) is a positive solution to x> —dy* = 1, then the coefficients
of £(z1 + yl\/c_l)k are a solution for all k € Z. The trivial solutions have k = 0 and the
positive ones have k > 0 and + out front. In particular, the equation x*> — dy? = 1 has
infinitely many nontrivial solutions.

Proof. Notice that if (z,y) is a solution, so is (—z, —y). Hence, we only need to prove that
(x1 + ylx/a)k is a solution for all £ € Z. Notice that, by the composition principle and
repeated multiplication, the expression is a solution for all £ > 0. Additionally, k£ = 0 gives
(z,y) = (£1,0), the trivial solutions. That leaves the case when k < 0. Let K = —k and
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(21 + 1 Vd)E = 2 + yrV/d where xg, yx € Z. Then, since 23 — dy% = 1, we have

NZ) p—
<a:1 + 1 d) (ml ) \/E)K
1
Tk + ?JK\/E
TR — yK\/E

(fBK + ?/K\/C_Z> <$K - yK\/E>
_ Tk~ yK\/a

v — dyx
=T — yK\/E.

Since (zk, Yk ) is a Pell solution, so is (zx, —yk ), as desired. Additionally, all (z,y) generated
by the expression are different, since otherwise there would be some integer k& # 0 for which
(z+yvd)* = £1, a contradiction. Hence, there are infinitely many nontrivial Pell solutions.
Lastly, if £ < 0, the signs of x and y are always different, and if £ > 0, then z,y are positive
iff we take the + out front. |

We now briefly digress and discuss a result relating to generalized Pell equations.

Corollary 4.4. If the equation x* — dy* = n # 0 has a solution, then it has infinitely many
solutions.

Proof. By Corollary 4.3, we know that 2> — dy? = 1 has infinitely many nontrivial solutions,
so let (x,y) = (z1,y1) be one of these solutions. Let (z,y) = (x2,y2) be a solution to
2% — dy? = n. Then we know that

(4.2) (x3,y3) = (122 + dy1Yyo, T1Y2 + Y172)

is another solution to z? — dy®> = n. Notice that if each (x;,y;) would generate a unique
(73,93), then the equation 2> — dy? = n would have infinitely many solutions. To prove that
all the pairs (z3,ys3) are distinct, we let (2',y") # (x1,41) be a Pell solution such that the
pairs generated by (4.2) are equal. Then, by comparing the values of x3, we have

T1x9 + dy1ys = &' x9 + dy'ys,

implying

(4.3) (21 — @) xg = dyz (v — 1)
Similarly, by comparing the values of y3, we compute

(4.4) (x1—2)ya =22 (Y — 1)

We split into three cases.

Case 1 (z2 = 0): Consider both 4.3 and 4.4. If xo = 0 then y, # 0, since otherwise
2?2 —dy? = 0, a contradiction. Hence, since d # 0, x; = 2’ and y; = 9/, a contradiction.

Case 2 (y; = v¢’): Consider 4.3. If y; = ¢/, then either z; = 2’ or x5 = 0. Since (x1,y;) #
(',y), x1 # &', so x5 = 0. This reduces to Case 1.

Case 3 (y2 = 0): Consider both 4.3 and 4.4. If zo = 0, then this reduces to Case 1.

Otherwise, (x1,y1) = (2/,7'), a contradiction.
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Thus, we can divide (4.3) by z2(y' — 1) and (4.4) by y2(y' — y1) to get

d r—a
S _ /1 =2 = 2-dpP =0,
T2 Y=Y Y2
contradicting the fact that n # 0. Thus, no two (x3, y3) are the same, and there are infinitely

many solutions. u

4.2. The Condition is Necessary. To finish the proof of Theorem 4.1, we prove multiple
inequalities specific to Pell solutions which would not hold otherwise. We then combine these
inequalities to derive the final proof.

Lemma 4.5. If (x,y) is a Pell solution such that x + yVd>1, thenx>2 and y > 1.
Note that 22 — 3-1%2 = 1, so the bounds can be achieved when d = 3.

Proof. Since 22 — dy? = 1, x — yv/d = ——. Hence

z+yvVd
r+yVd>1>z—y/d>0 = 2yv/d > 0.
Thus y > 0, implying y > 1. Hence, z > yv/d >y > 1, s0 > 2. [ |

Lemma 4.6. Let (a,b) and (u,v) be two solutions to the equation x* — dy* = 1 such that
a,b,u,v € Z>y. Then

a+bVd<ut+ovvd &= a<uandb<v = a<u orb<u.

Proof. The first (<) and the second (=) are obvious. To show the first (=), observe that
a > 1 since a # 0. Similarly, u > 1. Thus a + bv/d > 1, and similarly, « + vv/d > 1. Since

r—yVd= x+31/\/8 for any Pell solution (z,y), we have

a+bvVd < u+vvd

and
u—ovd < a—bVd.

Hence (a + u) 4+ (b — v)Vd < (a +u) + (v — b)V/d, implying b < v. Since a and u are
nonnegative, a®> = 1+ db®> < 1 + dv? = u? implies a < u. Now we prove the second (<).
Note that since (a,b) # (u,v), a + bvd # u 4 vv/d. Thus, since a < u or b < v, we deduce
that a < v and b < v from the first (=). |

We can now fully prove Theorem 4.1.

Proof of Theorem 4.1. This proof follows that of [Conal. By Corollary 4.3, we know that all
of the pairs generated by (4.1) satisfy the equation z? — dy* = 1. We just wish to prove that
all Pell solutions are of that form. Let (x,y) be a positive Pell solution. Then x + yVd > 1.
We will prove that = + yvd = (r1 + yl\/c_l)k for some k£ > 0. We will finish by using this
result to prove the other cases.

Since x1 + y1\/c_i > 1, the sequence a,, = (x1 + \/3)” for n > 0 forms a strictly increasing
sequence starting at ag = 1. Hence, there exists a unique integer k£ > 0 such that

(4.5) (:m - yl\/@k <z +yVd< <x1 + yv/@ -
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Thus, dividing (4.5) by (21 4+ y1v/d)* on both sides, we obtain
—k
1< (m + y\/@ (:L‘l + yl\/g> <z + yl\/g.

Note that (x + yv/d)(x; + y1v/d)~* has coefficients that are a solution of a Pell equation by
Theorem 4.2. Setting a + bvd = (z + yvd)(z1 + 11 V/d)~* for a,b € Z, we have a®> — db* = 1
and

1<a+b/d<z+yVd

If a + bv/d = 1, then x + yvVd = (z1 + y1V/d)*, as desired. Now assume a + bv/d > 1. Then,
by Lemma 4.5, we have a,b € N, so 0 < b < y; by Lemma 4.6, contradicting the fact that y,
is minimal.

If z and y are not both positive, then a := z+y+/d is not in the range (1,00) by Lemma 4.5.
If  ==1, ie. (x,y) is a trivial solution, then we can take & = 0. Otherwise, « is in one of
the ranges (—oo, —1),(—1,0), or (0,1), so exactly one of the numbers

1 -1
a:x—y\/a, ?:—x%—y\/a, or —a:—x—y\/a

is in the range (1,00). Observe that all of these are Pell solutions as we can freely switch
the signs on (z,%). Hence +a®! = (z1 + y1v/d)* for some positive integer k, as desired. M

5. SOLUTIONS TO z? — dy? = 1 FROM THE MINIMAL ONE

The format of this section mimics that of the previous one, with the exception that we
discuss the solutions of Pell and negative Pell equations simultaneously. The goal is to prove
the following theorem:

Theorem 5.1. Assume that the negative Pell equation x*> — dy?> = —1 has a solution. Let
(x1,11) be the positive solution such that yy is minimal. Then all solutions to the equation
2% — dy? = £1 are generated by the following expression:

(5.1) :U+y\/E::I:<$1+y1\/a>k

where k € Z. Solutions to x®> —dy? = 1 are found when k is even, and solutions to x> —dy? =

—1 are found when k s odd.
We first prove two lemmas.

Lemma 5.2. If integers (x,y) satisfy x> — dy> = =1 and x + yv/d > 1 then x > 1, y > 1.
Note that 12 — 212 = —1, so the bounds can be achieved when d = 2.

Proof. Notice that

1 2 — dy?
r4+yVd>1> T

x+y\/a :c+y\/c_i
Hencex+y\/c_i>—x+y\/a, so 2z > 0 and x > 1. Since —x+y\/a>0, y\/a>x21, SO
y>1 u

:c—y\/a>0.

Lemma 5.3. If integers (a,b) and (u,v) with a,b,u,v > 1 satisfy the equation x*—dy* = —1,

a+bVd<ut+vvVd &= a<uandb<v < a<u orb<u.
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Proof. The first (<) and the second (=) are obvious. To prove the first (=), notice that
since u + vvVd > a + bv/d > 1,

1 1
—a+bVd = > = —u+vVd.
a+bv/d  u+vvd

Therefore,

a+bVd <u+vvdand a — bVd < u— vVd.
Adding, we get 2a < 2u, so a < u. Hence, db®> — 1 = a® < u? = dv? — 1, so b* < v?, giving
b < v since b,v > 0. Now, to prove the second (<), follow the reasoning at the end of the
proof of Lemma 4.6. [ |

Using these two lemmas, we can prove the original theorem.

Proof of Theorem 5.1. Notice that the coefficients of (5.1) satisfy 2 — dy* = (—1)* = +1.

In this proof, we start by showing that the minimal positive Pell solution is (z1 + i \/c_l)2
Then we show the desired result for positive (x,y), and finally finish from there.

Let (Xi,Y1) be the positive Pell solution with minimal Y;. By the minimality of Y7, we
know that (z; + y1v/d)? = (X; + Y1vVd)* for some k > 0. If k = 2( is even, then by taking
positive square roots, x + yvd = (X1 + Y1)Y. However, the coefficients of the RHS satisfy
22 — dy? = 1, not 22 — dy?> = —1 like the coefficients of the LHS, a contradiction. Hence,
k =20+ 1 for some ¢ > 0. Then

(a:1+y1ﬁl)2= (X1+Y1¢Ez)%“ — X+ Vd= ((mﬁm@ (X1+YME)€)2.

Let a+bvd = (z1 + 11V d)(X1 + Yivd) ¢, implying that a> — db®> = —1. Since (a +bV/d)? =
X, 4+ YiVd, 2ab > Y, > 0, so a, b are the same sign. Hence we can replace a with —a and b
with —b to make a,b € N if needed. If [ > 0, then

(:cl +y1\/c_z)2 - (X1 + YM&)W > X+ Yivd = (a + b\/3>2.

Taking the positive square root of both sides, we get x1 + 11vVd > a + bV/d, so y1 > b by
Lemma 5.3. This is a contradiction as y; is minimal, so [ = 0 and

X, +YiVd = (9151 +y1\/8>2,

as desired. For the second step, there are two cases.
Case 1: Let positive integers (z,y) satisfy 2*> — dy® = 1. Then, for some k € N,

z+yVd = <X1 +Y1\/c_l)k = (:cl +y1¢3)2k,

so & + yv/d is an even power of z; + y;V/d.
Case 2: Let positive integers (z,y) satisfy 2 — dy?> = —1. Then, for some k € N,

2k

(Hm)z _ (X1+wa)’“ = (i +mvd) .

and by taking positive square roots, = + yv/d = (1 + \/El)k If k£ were to be even,
then the coefficients of (z; + ylx/a)k would satisfy 22 — dy? = 1, a contradiction.
Hence z + yv/d is an odd power of z1 + y;V/d.
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Notice that we assumed that x,y > 0, which is equivalent to x —|—y\/a > 1. Now assume that
x,y are not both positive such that o = z + yv/d # +1, and let 22 — dy?> = ¢ = +1. We
know that « is in one of (—oo0, —1), (—1,0), and (0,1), which is equivalent to saying that

one of
—a:—x—y\/a, éze(x—yﬁ), —é:a‘(—x—l—y\/a)

is in (1,00). Hence, since the coefficients of all of those expressions satisfy x? — dy* = ¢,
+ao* = (2, + y1Vd)* where k is either even or odd depending on the value of ¢. Hence

o = £(z + yv/d)* for some k € Z, where k is even or odd if e = 1 or € = —1 respectively. If
a = %1, then (z,y) = (£1,0), which are achieved when k£ = 0 in (5.1). Therefore we have
exhausted all cases. u

6. ELEMENTARY THEOREMS ON CONTINUED FRACTIONS

In this section, we prove some elementary theorems about continued fractions and begin
to develop tools needed to solve Pell and negative Pell equations. This section follows that
of [Yan08].

Lemma 6.1. Let a be irrational, and let ’;—: be the nth convergent to its continued fraction.

Then
1

dn (an—i-IQn + Qn—l).

‘ P
a__
Gn

Proof. By Lemma 2.8,
Pn _ Qni1PntPn-1 Pn
dn Opt1Gn + qn—1 Qn

On1PnGn + Pn—149n — Ont1PnGn — PnQn—1

Gn (Qn+1Gn + Gn—1)
_ Pn—1Gn — Pnln-1
G (Qn+1Gn + Gn—1)
(-1

B dn (an+IQn + (]n—l)7

and the desired conclusion follows. |
. -1t . .
Remark 6.2. Since o — B2 = #, a — 22 and o — == have opposite signs for all
dn Q’n(an+IQn+Qn71) qn dn+1

n > 0.
The next result is a powerful inequality.
Corollary 6.3. For any irrational o and positive integer n,
|Gn0 = P| < |Gn-100 = pol.
Proof. By Lemma 6.1, we have

‘ Pn
a__
Gn

1 1

= = |t — pp| = ——.
An (O-/n—I—IQn + qn—l) ‘ " nl An41Gn + gn—1

Similarly,
1

qn—10 — Pp_1| = ——.
‘ e " 1’ anQn—1+Qn—2
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Hence, we wish to prove the following:

1 1
<
Apn41Gn + gn—1 AnQn—1 + dn—2

B 1
(an + ﬁ) gn—1 + dn—2

B 1
AnQn—1 + Z::Lll + dn—2

_ Q41
AnQn—10n+1 + gn—1 + gn—2Qn+1

_ Q1
Qpt1 (an%lfl + qn72) + Gn—1

o %1
Oni1Qn + dn—1 ‘

Since v, 11Gn + qn_1 > 0, it suffices to prove a,, 1 > 1, which is true by Remark 2.6. |

To finish off this subsection, we will prove two beautiful approximation theorems.

Theorem 6.4 (The Law of Best Approximations). Let a be any real number with convergent
Zq’—z for some n > 2. If integers p, q satisfy 0 < q < q, and § # ’;—Z, then

|gnae — pnl| < |qa —pl.

Additionally, if integers p',q with ¢ > qo satisfy the above inequality for all 0 < g < ¢’ and
§ # %, then %’ is a convergent.

Proof. Notice that if § is a convergent to «, then the result follows from Corollary 6.3. In
the rest of the proof suppose § is not a convergent. Assume ¢ = ¢,,. Then, since p # p,,

q gn

‘p Pn
Gn

_ ‘p_pn

Notice that, because (g,) is strictly increasing for n > 1 and ¢; > qo = 1 (this can be seen
through the recursive formula), ¢,41 > 3 for n > 2. Hence,

' Pn 1
o — —| =
dn An (an-l—IQn + qn—l)
1
<

dn (an+IQn + Qn—l)
1

Qa1
1

< —.
2q,
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Therefore, by the triangle inequality, we have

@_2‘2 &_BHQ_&
q an q qn
1 1
In 2y

B 1

2,

> a2
qn

and we get the result by multiplying by ¢ = ¢,,. Now suppose 0 < ¢ < ¢,. Let (z,y) be the
solution to the system of equations

PnX +pp1Y =D

(6.1) WX +q1Y =¢q

Then we compute

Pdn—-1 — qPn—1
T = =+ (Pgn-1 — qPn-1),
Prndn-1 — qnPn—1

P4n — gp
y= ————— = £ (pgy — qpn) -
PnQn—1 — nPn-1
Since § is not a convergent, x,y are nonzero integers. Hence, we conclude that x and y have

opposite signs by (6.1) and the assumption that ¢, > ¢q. Therefore, we have

qa —p = (o + gn-1y) @ — (Pu® + Pp-1Y) =  (gnex — pp) + Y (@10t — Pr—1) -

Observe that g, — p, and ¢,_1 — p,—1 have opposite signs by Remark 6.2, so z(g,a — py,)
and y(gn—1¢ — pp—1) have the same sign. Hence,

lgqae — p| = |2 (gne — pu)| + |y (G106 — Pr—1)| > |@n10¢ — Pr—1| > |gnc — pul -

Thus, we have proved the first part of the theorem. For the second part, notice that for any
Gn-1 < q < @p, this inequality holds, so f]i, = § cannot satisfy the inequality, as desired. W

Theorem 6.5. Given any two consecutive convergents to a real number «, at least one of
them satisfies
1

<_

a-_P
2q¢%°

q

Moreover, any fraction § satisfying the above inequality is a convergent.

Proof. For the first part, suppose that there are two convergents, say the nth and the n—+1th,
that do not satisfy the inequality. Then, since the sign of o — Z—Z alternates by Remark 6.2,
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we have
L |Pndnt1 = GnPnia
qnqn+1 Gndn+1
_ & . pn+1
dn Gn+1
= a—& —i—‘a—pnﬂ
qn Qn—f—l
1 1
T 22 20,
. qi + q721+1
26]%(13#1

Multiplying, we see that

2
ZQnQnJrl > q721 + qr2b+1 - (Qn - Qn+1) <0.

However, (g,) is strictly increasing for positive n, so the only possible case in which this
holds is if gy = ¢1 = @1 = 1 and n = 0. Then, since a > Z—g,

h

0<—=—a=aaqp+1—a=a9g+1—1Jag;1,as,as,...]=1—1[0;1,as,as,...]
0
Let x = [a3; a4, as, ...]. Then
1
ag + — > ag,
x
1
1+ S <1+,
as + — @2
1 1
1 > 1"
I+ ——  1+—
as + — @2

Hence, we compute

1 as

1-100;1,a9,as3,...] <1—

1+ —
(45

so |a — %| < #. Therefore, we have exhausted all possible cases.
1

Now we prove the second part of the theorem. By Theorem 6.4, we want to show that 75’

is a best approximation to « if it satisfies the inequality. Let integers P, () satisfy g #+ §,
Qo — P| < |gor — p| < %}, where the last inequality follows from the assumption. Notice
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that
1 Pq —pQ
qQ qQ
P p

Q q
P
a__
Q
- 1 N 1
20Q  2¢?
q+Q
2¢°Q

IN

a__
q

K

1

Hence, we have
20<q+Q = ¢<Q.
Therefore, § is a best approximation, and hence also a convergent. |

7. LAGRANGE AND GALOIS

In this section, we prove two famous theorems relating to continued fractions and quadratic
irrationals. Theorems about periodic continued fractions are taken from [Tke24] and ones
relating to purely periodic continued fractions are taken from [Ikel9].

Definition 7.1. An irrational number « is referred to as a quadratic irrational if it is the
root of a degree two polynomial with integer coefficients. The other root [ of the polynomial
is its conjugate. Moreover, we say « is reduced if « > 1 and —1 < 8 < 0.

Remark 7.2. The conjugate of a quadratic irrational as defined here is equivalent to the one
defined in Definition 7.10 (this follows from the quadratic formula).

To prove Lagrange’s Theorem, there are multiple facts about quadratic irrationals that
are very simple to prove, so we present them here without proof.

Proposition 7.3. A real number « is a quadratic irrational iff it can be represented in the

form z#@ where p,q,r € Z, r # 0, and q is positive and not a perfect square.

Lemma 7.4. If x is a quadratic irrational, then so is ag + % for ag € Z.

Proof. Let x be written in the notation of Proposition 7.3. Then

L B +T(p—\/6)7(aop2+pr+q()q)—\/r2q
R Y A P —q '

T

Note that if p?> = ¢,  would not be irrational since /¢ would not be. Hence p? —q # 0.
Additionally, r2q is positive and not a perfect square since /4 is positive and not a perfect

square. Hence x is irrational. |
Lemma 7.5. For integers a;, the continued fraction [ag,aq, ..., a,, x| can be represented as
ar +b
cr+d

for integers a, b, c,d.
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Proof. Note that the result is true for n = 0 since [ag,z] = %. Assume the result for
n ==k —1. Then
lag, ay, ..., ax, x] = [ag, [a1, ..., a, ]|

B ar + b

B {ao, cr + d}

B cr+d

— ar +b

_ (apa + )z + (agh + d)

N ar +b ’
which is in the form %. [ |
Lemma 7.6. If x is a quadratic irrational, then so is |ag; a1, as, .. ., a,, x| where a; € Z for

all0 <i<n.

Proof. If n = 0, this is true by Lemma 7.4. Assume the statement for n = k. We will prove
it for n = k + 1. Notice that

lao; ay, ..., ags1, @] = [ag; a1, . . ., ag, [ar + 1; 2] .
By the base case, [ax,1; 2] is a quadratic irrational, so the desired conclusion follows from
the inductive hypothesis. [ |
Lemma 7.7. If the continued of x # 0 is periodic, i.e. x = [ag; a1, G2, - - -, Gn), then x is a

quadratic irrational.

Proof. Notice that x = [ag; aq, . .., a,, z], implying that x = Zjis Thus,
cx® 4+ (d—a)xr — b= 0.

Since the continued fraction of x is infinite, x must be irrational, and so x is a quadratic
irrational. [ |

m+Vd

S

Proposition 7.8. Every quadratic irrational x can be written as
(1) s|d—m?
(2) m,s,d €l

(3) s #0
(4) d >0 and d is not a perfect square.

, where

Proof. Let x = ’#ﬁ be written in the form mentioned in Proposition 7.3. Let d = ¢s?,

s = s|s|, and m = m|s|. Then @ = w, and the desired conditions hold. [

Lemma 7.9. Let x = M be a quadratic irrational satisfying the conditions in Proposi-
tion 7.8. Then there exist infinite integer sequences (my), (sx), (ax) and an infinite sequence
of irrationals (xy) such that:
mo=m,Sy = S,Tp = T,
a; = |x;| for alli >0,
Mpr1 = arSk — My for all k > 0,

d— 2
Sg+1 = 7 Mt for all k >0,
Sk
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d
Tyl = M for all k > 0.

Sk+1
These sequences satisfy

(1) s, #0, si | d—m3, and sy, | d—miJrl for all k >0,
(2) The continued fraction of x is |ag,ay, ag,...].

Proof. We first prove that my, ax, and s are integers sequences as well as condition (1).
Note that ag, mg, and sy = s # 0 are all integers. Observe that

d—mi=d— (apso —mo)* = d— (aps — m)* = (d — m*) — s(ags — 2agm).

Hence sy = s | d—m3. Since s9 = s | d—m? = d—m}, the claims are true for k = 0. Assume

. d—m?
the claims for n = k — 1. Then ap, my = ap_1S,_1 — Mi_1, and s, = Skml’“

are obviously

integers. Also, z is irrational. Furthermore, if s, = 0, then d = mj3, a contradiction as d is
not a perfect square. Hence s, # 0. Notice that
2 2
d—mig, =d— (apsy —my)
2 2.2
= (d —mg) — ais; + 2apspmg
2
= SpSk_1 — Sk(agsk — 2apmy).
2 : _ 2 . 2
Thus s; | d — mj,4, and since spsp41 = d — mj_,, we obtain spq | d — mj,,. We are done

by induction.
Now we prove condition (2). We have

mg + \/C_i
T — A = S—k — Qf
_(mp — agsg) + Vd
Sk
. Vd - Mp+1
Sk
. \/8_mlc+1 _ \/a+mk+1
- Sk Vd + M1
_d-miy,
sk(Vd + mi41)
Sk41
Vi + M1
1
B Tyt

Hence, since a;, = | x|, this is the algorithm defined in Definition 2.5. Thus [ag, a1, as, . . .|
is the continued fraction of x, and hence =y, = [ax, agy1, - . .]- [ |

We present a definition and a few properties whose proofs are left to the reader.



ON THE SOLUTIONS OF PELL AND NEGATIVE PELL EQUATIONS 19

Definition 7.10. The conjugate of a quadratic irrational x = J#a in the form of Proposi-

tion 7.3 is T = 1%6. The following properties hold:

- _ . _ _ A= T
T+Yy=r+Y, TY=71"Y, (‘) = .
) Y
Additionally, the conjugate of a rational number is itself.

We can now prove Lagrange’s Theorem.

Theorem 7.11 (Lagrange’s Theorem). A real number « is a quadratic irrational iff its
continued fraction is periodic.

Proof. For the backwards direction, we are done by Proposition 7.5 and Lemma 7.7. The
proof for the forwards direction has 3 steps. First, we prove that s, > 0 for all sufficiently
large n. Then, we show that s, and m,, both assume only finitely many values. We conclude
by considering x,,.

To prove that s, > 0 for sufficiently large n, notice that since zg = [ag; a1, ..., a1, Tn,
Pn—1Tn + Pn—2
Tog=—"""".
qn—1Tn + qn—2

Observe that xo, z, are quadratic irrationals with the same radical: v/d. Hence we can take
the conjugate of both sides of the equation above, giving

_ <pn_1mn +pn_2)  Pn1Tp  Pn—2  Pp—1Tn + P2
T \G1Tat Gu2)  Goitn T A2 Gn1Tat a2
Now solve for 7,
Z0(qn-1Tn + Gn-2) = Pn-1Tn + Pn—2
T0Gn-1Tn — Pn—1Tn = Pn—2 — qn—2T0
— Pn-2— qn—2%0
" 4u1T0 — Dot

Pn—2
_ Qn—Q qn—2 x
- " Pn—1 o
qn—1 dn1 To

Notice that, as n increases, Z"—*z and Z”—*i converge to x = xy. Hence, since xg # T, as xg is
e

irrational,
Pn—2

qn—2 —x_o
lim ———— — L.
n—oo == — T
dn—1
Therefore,
p— qn—2
n ~ )
qn—1

so T, < 0 for all sufficiently large n, or equivalently, z,, — 7,, > 0. This implies %ﬁ —

%& > 0, so %g > 0, giving s, > 0 for all sufficiently large n.

For the second step, note that s,s,,1 = d — m% 41 Since Sy, s,41 are positive for all
sufficiently large n, we have s,s,.1 < d. Thus 1 < s, < d, so s, only assumes finitely
many values for all sufficiently large n. This implies that m2,, = d — spsp41 < d, so
—Vd < m,, < +/d for all sufficiently large n.
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Combining the facts that both m,, s, assume only finitely many values for large enough
n, we see that the pair (m,,s,) also assumes only finitely many values. Then z, = %ﬁ
also assumes only finitely many values. Let (m;, s;, z;) = (m;, s;, x;) for some ¢ < j. Then
we see that (M1, Siv1, Tiv1) = (Mjt1, Sj41,241) and so on. This repetition also implies
that a; = |x;] repeats periodically. Hence the continued fraction of a quadratic irrational is
periodic. [ |

We now discuss purely periodic continued fractions.

Theorem 7.12 (Galois” Theorem). The continued fraction of a quadratic irrational x =
lag; ay, . ..] is purely periodic iff x is reduced.

Proof. First we prove the backwards direction, so suppose x > 1 and —1 < T < 0. Then,
since T4 = —

Tn—an’

1
Tni1

We know that a, > 1 if n > 1. Additionally, ag > 1 since x > 1, so a,, > 1 for all n. We
claim that —1 < 7,, < 0 for all n. Notice that this is true for n = 0. Assume the claim for
n =k. Then —1 < T, < 0. Since a > 1, —a, < —1, so T, — ar < —1. Hence FIH < —1, so

—1 < ZTpy1 < 0, and the claim is true by induction. Since ¥,, = = 1+1 + a,,

=X, — Qp = Ty, — Ay,

1
—-1l<z, = +a, <O0.

Tn+1

Therefore,

1 1 1
0<<— )—an<1:>an<— <an+1:>an:\‘— J
Tn+1 n+1 Tn+1

Since x is a quadratic irrational, there exist positive integers ¢ < j such that x; = z;, so

Hence
i1+ —=0a;1+— — Tji_1 =21
€T; X
Hence, z; = x; implies ;1 = z;_;, and continuing to reduce the indices, we end up with
Ay = Qpy(j—s for all n.
For the forwards direction, notice that if x = [ag, a1, ..., @,_1], then zg = z,,. Hence

_ DPn—1%Tn +DPn—2  Pn—1T0 T Pn—2
Gn—1Tn + gn—2 gn—1%0 + gn—2

Zo

Expanding, we obtain
Gn-17" + (Gn—2 — Pn—1)T — Pp—2 = 0.

Let f(x) denote this quadratic. f(x) has two roots, namely z,7. We already know that
x > 1 since ag = a, > 1. Hence, we only need to show that —1 < Z < 0. This is equivalent
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to showing that f has a root between —1 and 0 since the other root, x, is not. Note that
f(0) = —pp—2 < 0. Also,
f(=1) = a1 — (¢n—2 — Pn—1) — Pn—2
= (n-1Gn—2+ Gn-3) = @u2+ (@n-1Pn—2 + Pn-3) — Pn—2
= (an-1 — D)(Pn—2 + @n-2) + (Pn—3 + ¢-3)
2 Pn—3 + Qn-3
> 0.

Hence, since f(0) < 0 < f(—1), we conclude the desired by the Intermediate Value Theorem.
|

Using the two theorems we proved in this section (Lagrange’s and Galois’), we can derive
the following.

Theorem 7.13. The continued fraction of x = \/d when d is not a perfect square is

o= ||V sanoaecan2 [V

for integers a;. Particularly, x, is purely periodic for all n > 0.

Proof. Consider irrationals o = [V/d|++/d, 5 = |v/d] —+/d. Observe that «, 3 are conjugates
and that —1 < 8 < 0,1 < a. Moreover, « is reduced. Hence, the continued fraction of « is

purely periodic. Since |a| =2 L\/ZZJ, we have

v+ |Vi| =a= {2 V] ] _ [z vl Waﬂ

Hence,

Vi —

{\/EJ,al,ag,...,an,Q{\/E” |

8. SOLUTIONS TO 22 — dy? = +1 FROM CONVERGENTS

This section uses the results from the past two sections to find all solutions to the equation
2 2
r® —dy” = +£1.

Lemma 8.1. Let © = +/d where d is not a perfect square. Then, in the notation of
Lemma 7.9, we have

(8.1) Proi —dgs_y = (=1)"s,
foralln > 1.

2

Proof. If n. =1, then p?_, —d¢>_, = |Vd|?> —d and s,, = d_s:"” = d_(aos;;_mo)Q =d— [Vd]?
so the desired conclusion follows. Assume n > 2. Observe that
\/_ _ TnPn—1 + Pn—2 _ <mn + \/E) Pn—1+ SpPn—2
Tndn-1 + qn-2 <mn + \/3) Gn—1 + SnQn—2
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Hence, we obtain
Vd ((mn + \/E> Qn—1 + ann,2> = (mn + \@) Pn—1+ SpDn—2
dgn—1 + (Mngn—1 + SnGn—2) Vd = (MnPr-1 + SnPn—2) + PniVd

Since all the variables are integers other than v/d which is irrational, we have p,_1 = Mngn_1+
SnQn-2, AGn_1 = MpPp_1 + SuPn_2. Multiplying the first by p,_1, the second by ¢,_1, and
subtracting, we obtain
pi—l - dqz—l = pn—l(JH—l(mn - mn) + Sn(pn—lQn—Q - pn—QQn—l) = (_1)n5n .
The following theorem first appeared in [Lag67].
Theorem 8.2. Let | be the minimal period of the continued fraction of vV/d. We use the

notation of Lemma 7.9, the only difference being that we use o instead of x. Then all
positive solutions to a Pell equation are as follows:

_ (Ptm—15 Qim—1) if 1 is even
(:Ea y) - . .
(Potm—1,Qm—1) if L is odd

where m s a positive integer.

Proof. First we show that all positive Pell solutions are convergents to the continued fraction
of Vid (i.e. © = pn,y = qn). Let (2,y) be a positive Pell solution. Then x > y. Hence, since
Vd > 1, we obtain

_ <y\/3—:v> <y\/a+{l?> B -1 <L

y(y\/ﬁﬂc) R yQ(\/E+§> 2y%’

SO 5 is a convergent by Theorem 6.5. We will now show that s, = 1 iff [ | n and that s,, # 1

yvd —x

Y

=

for all n. To prove that s, = 1 implies [ | n, observe that a; is purely periodic with period [
by Theorem 7.13, so oy = cv, 11 iff [ | n. Let s, = 1 for some n. Then

1 _ 1 _ 1 S
T G i) (e ) VAL e

Opy1 = aq,

as desired.
We also have to prove that [ | n implies s,, = 1. However, we already proved that [ | n
implies a; = o, 1. Hence

ozn—Losz:ao—[ozojz\/_—{\/aJ,

S0 a, = x + V/d for some integer z, implying that s, = 1.

Finally, suppose for the sake of contradiction that s, = —1 for some n. For this to happen,
we know that n > 0. Then, by Theorem 7.13, «, is purely periodic, so we can apply Galois’
Theorem. Since o, = —m,, — \/E, we obtain

—l<—m,+Vd<0, 1<—-m,—Vd = Vd<m,<—1-d,

a contradiction.
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Since s, # —1 for all n, we have that for (p,,q,) to be a Pell solution, s,,; = 1. We
also require n + 1 to be even by Lemma 8.1. Hence, n is 1 less than an even multiple of [,
completing the proof. [ |

The following theorem gives all solutions to negative Pell equations.

Theorem 8.3. Let all the variables be defined as in Theorem 8.2. If | is even, there are no
solutions to the equation x*> —dy? = —1. Ifl is odd, then all positive solutions to the negative
Pell equation 2 — dy? = —1 are

(ZL‘, y) = (plm—b QZm—l)
where m s an odd positive integer.

Proof. Let (x,y) be a positive solution to the given negative Pell equation. Then notice that
22 =dy* —1>2y*>—1> 4> sox >y. Hence

yd—z| (s =) (wid+2) _ ! -
y

y(y\/ﬁ+x> y? <\/E+§) 2y%’

50 4 is a convergent to the continued fraction of v/d. By Lemma 8.1, we know that if a

=

convergent p—: is a solution to 22 — dy? = —1, then s,,; = +1. However, by the proof of
Theorem 8.2, s, # —1 for any n, so s,;1 = 1 and n + 1 must be odd. However, in the
same proof, we show that s,43 = 1iff [ | n 4+ 1, so n is 1 less than an odd multiple of /, as

desired. u

9. FURTHER READING

In this paper, we only briefly touched on generalized Pell equations. A good resource to
learn more about this is [Conb], in which the author, Keith Conrad, bounds the minimal
positive solution for the generalized equation and briefly extends the continued fraction
method of Section 8. In [Conal, he provides a method known as modular contradiction to
show that some generalized Pell equations have no integer solutions.

If you would like to read about applications of Pell equations, then [Con08] would be a
good place to start. These slides were also made by Keith Conrad.

Lastly, I would like to link the slides of a talk I gave on Pell equations: https://github.
com/shivenbhargava/publications/blob/main/Pell_Equations_Talk.pdf.
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